
                

MIXING TIMES FOR MARK OV CHAINS ON WREA TH

PR ODUCTS AND RELA TED HOMOGENEOUS SPA CES

By James Allen Fill and Cl yde H. Schoolfield, Jr.

The JohnsHopkinsUniversity and Harvard University

We develop a method for analyzing the mixing times for a quite general class of

Markov chains on the complete monomial group G oSn and a quite general class of

Markov chains on the homogeneousspace (G oSn )=(Sr £ Sn ¡ r ). We derive an exact

formula for the L 2 distance in terms of the L 2 distances to uniformit y for closely

related random walks on the symmetric groups Sj for 1 · j · n or for closely related

Markov chains on the homogeneousspacesSi + j =(Si £ Sj ) for various values of i and j ,

respectively. Our results are consistent with those previously known, but our method is

considerably simpler and more general.

1. In tro duction and Summary . In the proofs of many of the results of School¯eld

(1999a),the L2 distanceto uniformit y for the random walk (on the so-calledwreath product

of a group G with the symmetric group Sn ) beinganalyzedis often found to be expressiblein

terms of the L2 distanceto uniformit y for related random walks on the symmetric groupsSj

with 1 · j · n. Similarly, in the proofs of many of the results of School¯eld (1999b), the L2

distanceto stationarity for the Markov chain being analyzedis often found to be expressible

in terms of the L2 distance to stationarity of related Markov chains on the homogeneous

spacesSi + j =(Si £ Sj ) for variousvaluesof i and j . It is from this observation that the results

of this paper have evolved. We develop a method, with broad applications, for bounding the

rate of convergenceto stationarity for a generalclassof random walks and Markov chains

in terms of closelyrelated chains on the symmetric groupsand related homogeneousspaces.

Certain specializedproblems of this sort were previously analyzed with the use of group

representation theory. Our analysis is more directly probabilistic and yields someinsight

into the basicstructure of the random walks and Markov chains being analyzed.

1.1. Mark ov Chains on G o Sn . We now describe oneof the two basicset-upswe will

be considering[namely, the onecorresponding to the results in School¯eld (1999a)].Let n be
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a positive integerand let P be a probability measuredē ned on a ¯nite set G (= f 1; : : : ; mg,

say). Imagine n cards, labeled1 through n on their fronts, arrangedon a table in sequential

order. Write the number 1 on the back of each card. Now repeatedly permute the cardsand

rewrite the numbers on their backs, as follows. For each independent repetition, begin by

choosing integersi and j independently accordingto P.

If i 6= j , transposethe cards in positions i and j . Then, (probabilistically) independently

of the choiceof i and j , replacethe numberson the backs of the transposedcardswith two

numberschosenindependently from G accordingto P.

If i = j (which occurs with probability 1=n), leave all cards in their current positions.

Then, again independently of the choiceof j , replacethe number on the back of the card in

position j by a number chosenaccordingto P.

Our interest is in boundingthe mixing time for Markov chainsof the sort wehavedescribed.

More generally, considerany probability measure,say bQ, on the set of orderedpairs ¼̂of the

form ¼̂= (¼; J ), where¼is a permutation of f 1; : : : ; ng and J is a subsetof the set of ¯xed

points of ¼. At each time step, we choosesuch a ¼̂accordingto bQ and then (a) permute the

cardsby multiplying the current permutation of front-labelsby ¼; and (b) replacethe back-

numbers of all cards whosepositions have changed,and also every card whose(necessarily

unchanged)position belongsto J , by numberschosenindependently accordingto P.

The specī c transpositions example discussedabove ¯ts the more general description,

taking bQ to be dē ned by

bQ(e;f j g) :=
1
n2

for any j 2 [n], with e the identit y permutation;

bQ(¿; ; ) :=
2
n2

for any transposition ¿;

bQ(¼̂) := 0 otherwise:

(1.1)

When m = 1, i.e., whenthe aspect of back-number labeling is ignored,the state spaceof the

chain can be identi ¯ed with the symmetric group Sn , and the mixing time can be bounded

as in the following classicalresult, which is Theorem1 of Diaconisand Shahshahani(1981)

and waslater included in Diaconis(1988)asTheorem5 in SectionD of Chapter 3. The total

variation norm (k ¢kTV ) and the L2 norm (k ¢k2) will be reviewed in Section1.3.

Theorem 1.2. Let º ¤k denotethe distribution at time k for the random transpositions

chain (1.1) whenm = 1, and let U be the uniform distribution on Sn . Let k = 1
2n logn + cn.

Then there existsa universal constant a > 0 suchthat

kº ¤k ¡ UkTV · 1
2 kº ¤k ¡ Uk2 · ae¡ 2c for all c > 0:
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Without reviewing the precisedetails, we remark that this bound is sharp, in that there

is a matching lower bound for total variation (and hencealso for L2). Thus, roughly put,
1
2n logn + cn stepsare necessaryand su±cient for approximate stationarity.

Now considerthe chain (1.1) for generalm ¸ 2, but restrict attention to the casethat P

is uniform on G. An elementary approach to bounding the mixing time is to combine the

mixing time result of Theorem 1.2 (which measureshow quickly the cards get mixed up)

with a coupon collector's analysis(which measureshow quickly their back-numbersbecome

random). This approach is carried out in Theorem3.6.4of School¯eld (1999a),but givesan

upper boundonly on total variation distance.If weareto usethe chain's mixing-time analysis

in conjunction with the powerful comparisontechnique of Diaconisand Salo®-Coste(1993a,

1993b)to bound mixing times for other more complicatedchains, as is donefor examplein

Section4 of School¯eld (1999a),we needan upper bound on L2 distance.

Such a bound can be obtained using group representation theory. Indeed, the Markov

chain we have described is a random walk on the completemonomial group G oSn , which is

the wreath product of the group G with Sn ; seeSchool¯eld (1999a)for further background

and discussion.The following result is Theorem3.1.3of School¯eld (1999a).

Theorem 1.3. Let º ¤k denotethe distribution at time k for the random transpositions

chain (1.1) whenP is uniform on G (with jGj ¸ 2). Let k = 1
2n logn + 1

4n log(jGj ¡ 1) + cn.

Then there existsa universal constant b> 0 suchthat

kº ¤k ¡ UkTV · 1
2 kº ¤k ¡ Uk2 · be¡ 2c for all c > 0:

For L2 distance(but not for TV distance),the presenceof the additional term 1
4n log(jGj ¡

1) in the mixing-time bound is \real, " in that there is a matching lower bound: seethe table

at the end of Section3.6 in School¯eld (1999a).

The group-representation approach becomessubstantially moredi± cult to carry out when

the card-rearrangement scheme is something other than random transpositions, and pro-

hibitiv ely so if the resulting step-distribution on Sn is not constant on conjugacy classes.

Moreover, there is no possibility whatsoever of using this approach when P is non-uniform,

sincethen we are no longer dealing with random walk on a group.

In Section 2 we provide an L2-analysisof our chain for completely generalshu²es bQ of

the sort we have described. More specī cally , in Theorem2.3 we derive an exact formula for

the L2 distanceto stationarity in terms of the L2 distancefor closelyrelated random walks

on the symmetric groups Sj for 1 · j · n. Subsequent corollaries establish more easily
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applied results in special cases.In particular, Corollary 2.8 extendsTheorem 1.3 to handle

non-uniform P.

Our new method does have its limitations. The back-number randomizations must not

depend on the current back numbers (but rather chosenafreshfrom P), and they must be

independent and identically distributed from card to card. So, for example,we do not know

how to adapt our method to analyze the \paired-shu²es " random walk of Section 3.7 in

School¯eld (1999a).

1.2. Mark ov Chains on (G o Sn )=(Sr £ Sn¡ r ). We now turn to our secondbasic

set-up [namely, the onecorresponding to the results in School¯eld (1999b)].Again, let n be

a positive integer and let P be a probability measuredē ned on a ¯nite set G = f 1; : : : ; mg.

Imagine two racks, the ¯rst with positions labeled 1 through r and the secondwith po-

sitions labeled r + 1 through n. Without loss of generality, we assumethat 1 · r · n=2.

Supposethat there aren balls, labeledwith serialnumbers1 through n, each initially placed

at its corresponding rack position. On each ball is written the number 1, which we shall call

its G-number. Now repeatedly rearrangethe balls and rewrite their G-numbers,as follows.

Considerany bQ asin Section1.1. At each time step,choose¼̂from bQ and then (a) permute

the balls by multiplying the current permutation of serial numbersby ¼; (b) independently,

replacethe G-numbersof all balls whosepositions have changedasa result of the permuta-

tion, and also every ball whose(necessarilyunchanged)position belongsto J , by numbers

chosenindependently from P; and (c) rearrangethe balls on each of the two racks so that

their serial numbersare in increasingorder.

Notice that steps (a){(b) are carried out in precisely the sameway as steps (a){(b) in

Section1.1. The state of the systemis completely determined,at each step, by the ordered

n-tuple of G-numbers of the n balls 1; 2; : : : ; n and the unorderedset of serial numbers of

balls on the ¯rst rack. We have thus described a Markov chain on the set of all jGjn ¢
¡ n

r

¢

orderedpairs of n-tuples of elements of G and r -element subsetsof a set with n elements.
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In our present setting, the transpositions example(1.1) ¯ts the more generaldescription,

taking bQ to be dē ned by

bQ(·; f j g) :=
1

n2r !(n ¡ r )!
where· 2 K and j 2 [n];

bQ(·; f i; j g) :=
2

n2r !(n ¡ r )!
where· 2 K and i 6= j

with i; j 2 [r ] or i; j 2 [n] n [r ];

bQ(¿·; ; ) :=
2

n2r !(n ¡ r )!
where¿· 2 TK ;

bQ(¼̂) := 0 otherwise;

(1.4)

where K := Sr £ Sn¡ r , T is the set of all transpositions in Sn n K , and TK := f ¿· 2

Sn : ¿ 2 T and · 2 K g. When m = 1, the state spaceof the chain can be identi ¯ed

with the homogeneousspaceSn=(Sr £ Sn¡ r ). The chain is then a variant of the celebrated

Bernoulli{Laplace di®usionmodel. For the classicalmodel, Diaconisand Shahshahani(1987)

determinedthe mixing time. Similarly, School¯eld (1999b)determinedthe mixing time of the

present variant, which slows down the classicalchain by a factor of n2

2r (n¡ r ) by not forcing two

balls to switch racksat each step.The following result is Theorem2.5.3of School¯eld (1999b).

Theorem 1.5. Let fº ¤k denote the distribution at time k for the variant (1.4) of the

Bernoulli {L aplacemodelwhenm = 1, andlet eU betheuniform distribution on Sn=(Sr £ Sn¡ r ).

Let k = 1
4n(logn + c). Then there existsa universal constant a > 0 suchthat

k fº ¤k ¡ eUkTV · 1
2 k fº ¤k ¡ eUk2 · ae¡ 2c for all c > 0:

Again there are matching lower bounds, for r not too far from n=2, so this Markov chain

is twice as fast to convergeas the random walk of Theorem1.2.

The following analogue,for the special casem = 2, of Theorem1.3 in the present setting

was obtained as Theorem3.1.3of School¯eld (1999b).

Theorem 1.6. Let fº ¤k denote the distribution at time k for the variant (1.4) of the

Bernoulli {L aplace model whenP is uniform on G with jGj = 2. Let k = 1
4n(logn + c). Then

there existsa universal constant b> 0 suchthat

k fº ¤k ¡ eUkTV · 1
2 k fº ¤k ¡ eUk2 · be¡ c=2 for all c > 0:

Notice that Theorem1.6 provides(essentially) the samemixing time bound asthat found

in Theorem1.5. Again there are matching lower bounds, for r not too far from n=2, so this
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Markov chain is twice as fast to convergeas the random walk of Theorem1.3 in the special

casem = 2.

In Section3, we provide a generalL2-analysisof our chain, which has state spaceequal

to the homogeneousspace(G o Sn )=(Sr £ Sn¡ r ). More specī cally , in Theorem 3.3 we

derive an exact formula for the L2 distance to stationarity in terms of the L2 distance for

closelyrelated Markov chains on the homogeneousspacesSi + j =(Si £ Sj ) for various values

of i and j . Subsequent corollaries establish more easily applied results in special cases.In

particular, Corollary 3.8 extendsTheorem1.6 to handle non-uniform P.

Again, our method doeshave its limitations. For example,we do not know how to adapt

our method to analyzethe \paired-° ips" Markov chain of Section3.4 in School¯eld (1999b).

1.3. Distances Bet ween Probabilit y Measures. Wenow reviewseveral waysof mea-

suring distancesbetweenprobability measureson a ¯ nite set G. Let R be a ¯xed reference

probability measureon G with R(g) > 0 for all g 2 G. As discussedin Aldous and Fill (200x),

for each 1 · p < 1 dē ne the Lp norm kº kp of any signedmeasureº on G (with respect

to R) by

kº kp :=
³

ER

¯
¯
¯
º
R

¯
¯
¯
p´ 1=p

=

Ã
X

g2 G

jº (g)jp

R(g)p¡ 1

! 1=p

:

Thus the Lp distance betweenany two probability measuresP and Q on G (with respect

to R) is

kP ¡ Qkp =
µ

ER

¯
¯
¯
¯
P ¡ Q

R

¯
¯
¯
¯

p¶ 1=p

=

Ã
X

g2 G

jP(g) ¡ Q(g)jp

R(g)p¡ 1

! 1=p

Notice that

kP ¡ Qk1 =
X

g2 G

jP(g) ¡ Q(g)j:

In our applications we will always take Q = R (and R will always be the stationary distri-

bution of the Markov chain under considerationat that time). In that case,when U is the

uniform distribution on G,

kP ¡ Uk2 =

Ã

jGj
X

g2 G

jP(g) ¡ U(g)j2
! 1=2

:

The total variation distance betweenP and Q is dē ned by

kP ¡ QkTV := max
Aµ G

jP(A) ¡ Q(A)j:
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Notice that kP ¡ QkTV = 1
2kP ¡ Qk1. It is a direct consequenceof the Cauchy-Schwarz

inequality that

kP ¡ UkTV · 1
2 kP ¡ Uk2:

If P(¢; ¢) is a reversible transition matrix on G with stationary distribution R = P1 (¢),

then, for any g0 2 G,

kP k (g0; ¢) ¡ P1 (¢) k2
2 =

P2k (g0; g0)
P1 (g0)

¡ 1:

All of the distanceswe have discussedhereare indeedmetrics on the spaceof probability

measureson G.

2. Mark ov Chains on G o Sn . We now analyzea very generalMarkov chain on the

completemonomial group G o Sn . It shouldbe noted that, in the resultswhich follow, there

is no essential useof the group structure of G. So the results of this sectionextend simply;

in general,the Markov chain of interest is on the set Gn £ Sn .

2.1. A Class of Chains on G o Sn . We introduce a generalizationof permutations

¼2 Sn which will provide an extra level of generality in the results that follow. Recall that

any permutation ¼2 Sn can be written as the product of disjoint cyclic factors, say

¼= (i (1)
1 i (1)

2 ¢¢¢ i (1)
k1

) (i (2)
1 i (2)

2 ¢¢¢ i (2)
k2

) ¢¢¢ (i (` )
1 i (` )

2 ¢¢¢ i (` )
k`

);

wherethe K := k1 + ¢¢¢+ k` numbers i (a)
b are distinct elements from [n] := f 1; 2; : : : ; ng and

we may supposeka ¸ 2 for 1 · a · `. The n ¡ K elements of [n] not included among the

i (a)
b are each ¯xed by ¼; we denotethis (n ¡ K )-set by F (¼).

We refer to the ordered pair of a permutation ¼ 2 Sn and a subset J of F (¼) as an

augmented permutation. We denotethe set of all such orderedpairs ¼̂= (¼; J ), with ¼2 Sn

and J µ F (¼), by bSn . For example, ¼̂ 2 bS10 given by ¼̂ = ((12)(34)(567); f 8; 10g) is

the augmentation of the permutation ¼ = (12)(34)(567) 2 S10 by the subset f 8; 10g

of F (¼) = f 8; 9; 10g. Notice that any given ¼̂ 2 bSn corresponds to a unique permutation

¼2 Sn ; denotethe mapping ¼̂7! ¼by T. For ¼̂= (¼; J ) 2 bSn , dē ne I (¼̂) to be the set of

indices i included in ¼̂, in the sensethat either i is not a ¯xed point of ¼or i 2 J ; for our

example,I (¼̂) = f 1; 2; 3; 4; 5; 6; 7; 8; 10g.

Let bQ be a probability measureon bSn such that

bQ(¼; J ) = bQ(¼¡ 1; J ) for all ¼2 Sn and J µ F (¼) = F (¼¡ 1): (2.0)
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We refer to this property as augmented symmetry. This terminology is (in part) justi ¯ed by

the fact that if bQ is augmented symmetric, then the measureQ on Sn inducedby T is given

by

Q(¼) =
X

J µ F (¼)

bQ ((¼; J )) = Q(¼¡ 1) for each ¼2 Sn

and sois symmetric in the usualsense.We assumethat Q is not concentrated on a subgroup

of G or a cosetthereof. Thus Q¤k approachesthe uniform distribution U on Sn for large k.

Supposethat G is a ¯nite group. Label the elements of G as g1; g2; : : : ; gjGj . Let P be a

probability measuredē ned on G. Dē ne pi := P(gi ) for 1 · i · jGj. To avoid trivialities,

we supposepmin := min f pi : 1 · i · jGjg > 0.

Let »̂1; »̂2; : : : be a sequenceof independent augmented permutations each distributed ac-

cording to bQ. Thesecorrespond uniquely to a sequence»1; »2; : : : of permutations each dis-

tributed according to Q. Dē ne Y := (Y0; Y1; Y2; : : :) to be the random walk on Sn with

Y0 := e and Yk := »k»k¡ 1 ¢¢¢»1 for all k ¸ 1. (There is no loss of generality in dē ning

Y0 := e, as any other ¼ 2 Sn can be transformed to the identit y by a permutation of the

labels.)

Dē ne X := (X 0; X 1; X 2; : : :) to be the Markov chain on Gn such that X 0 := ~x0 =

(Â1; : : : ; Ân ) with Âi 2 G for 1 · i · n and, at each step k for k ¸ 1, the entries of

X k¡ 1 whosepositions are included in I (»̂k) are independently changedto an element of G

distributed accordingto P.

Dē ne W := (W0; W1; W2; : : :) to be the Markov chain on G oSn such that Wk := (X k ; Yk)

for all k ¸ 0. Notice that the random walk on G o Sn analyzedin Theorem1.3 is a special

caseof W , with P being the uniform distribution and bQ beingdē ned asat (1.1). Let P(¢; ¢)

be the transition matrix for W and let P1 (¢) be the stationary distribution for W .

Notice that

P1 (~x; ¼) =
1
n!

nY

i =1

px i

for any (~x; ¼) 2 G o Sn and that

P ((~x; ¼); (~y; ¾)) =
X

½̂2 bSn :T (½̂)= ¾¼¡ 1

bQ(½̂)

2

4
Y

j 2 I (½̂)

pyj

3

5 ¢

2

4
Y

`62 I (½̂)

I (x` = y` )

3

5
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for any (~x; ¼); (~y; ¾) 2 G o Sn . Thus, using the augmented symmetry of bQ,

P1 (~x; ¼) P ((~x; ¼); (~y; ¾))

=

"
1
n!

nY

i =1

px i

#
X

½̂2 bSn :T (½̂)= ¾¼¡ 1

bQ(½̂)

2

4
Y

j 2 I (½̂)

pyj

3

5 ¢

2

4
Y

`62 I (½̂)

I (x` = y` )

3

5

=
X

½̂2 bSn :T (½̂)= ¾¼¡ 1

bQ(½̂)

2

4 1
n!

0

@
Y

i 2 I (½̂)

px i

1

A

0

@
Y

i 62 I (½̂)

px i

1

A

3

5 ¢

2

4
Y

j 2 I (½̂)

pyj

3

5 ¢

2

4
Y

`62 I (½̂)

I (x` = y` )

3

5

=
X

½̂2 bSn :T (½̂)= ¼¾¡ 1

bQ(½̂)

2

4 1
n!

0

@
Y

i 2 I (½̂)

px i

1

A

0

@
Y

j 62 I (½̂)

pyj

1

A

3

5 ¢

2

4
Y

j 2 I (½̂)

pyj

3

5 ¢

2

4
Y

`62 I (½̂)

I (y` = x` )

3

5

=

"
1
n!

nY

j =1

pyj

#
X

½̂2 bSn :T (½̂)= ¼¾¡ 1

bQ(½̂)

2

4
Y

i 2 I (½̂)

px i

3

5 ¢

2

4
Y

`62 I (½̂)

I (y` = x` )

3

5

= P1 (~y; ¾) P ((~y; ¾); (~x; ¼)) :

Therefore,P is reversible,which is a necessarycondition in order to apply the comparison

technique of Diaconisand Salo®-Coste(1993a).

2.2. Convergence to Stationarit y: Main Result. For notational purposes,let

¹ n (J ) := bQf ¾̂2 bSn : I (¾̂) µ Jg: (2.1)

For any J µ [n], let S(J ) be the subgroupof Sn consistingof those¾2 Sn with [n]nF (¾) µ J .

If ¼̂2 bSn is random with distribution bQ, then, when the conditioning event

E := f I (¼̂) µ Jg
h

= f [n] n F (T(¼̂)) µ Jg
i

has positive probability, the probability measureinduced by T from the conditional distri-

bution (call it bQS( J )
) of ¼̂given E is concentrated on S(J ) . Call this induced measureQS( J )

.

Notice that bQS( J )
, like bQ, is augmented symmetric and hencethat QS( J )

is symmetric on S(J ) .

Let US( J )
be the uniform measureon S(J ) . For notational purposes,let

dk(J ) := jJ j!kQ¤k
S( J )

¡ US( J )
k2

2: (2.2)
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Example.Let bQ be dē ned asat (1.1). Then bQ satis̄ es the augmented symmetry property

(2.0). In Corollary 2.8wewill beusing bQ to dē ne a randomwalk on G oSn which is precisely

the random walk analyzedin Theorem1.3.

For now, however, we will be satis̄ ed to determine bQS( J )
and QS( J )

, whereJ µ [n]. It is

easyto verify that

bQS( J )
(e;f j g) :=

1
jJ j2

for each j 2 J ;

bQS( J )
((p q); ; ) :=

2
jJ j2

for each transposition ¿ 2 Sn with f p;qg µ J ;

bQS( J )
(¼̂) := 0 otherwise;

and hencethat bQS( J )
is the probability measuredē ned at (1.1), but with [n] changedto

J . Thus, roughly put, the random walk analyzedin Theorem1.3, conditionally restricted to

the indicesin J , givesa random walk \as if J were the only indices."

The following result establishesan upper bound on the total variation distanceby deriving

an exact formula for kP k ((~x0; e); ¢) ¡ P1 (¢)k2
2.

Theorem 2.3. Let W be the Markov chain on the completemonomial group G o Sn

dē ned in Section 2.1. Then

kP k ((~x0; e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; e); ¢) ¡ P1 (¢)k2
2

= 1
4

X

J :J µ [n]

n!
jJ j!

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

¹ n (J )2k dk(J )

+ 1
4

X

J :J ( [n]

n!
jJ j!

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

¹ n (J )2k :

where ¹ n (J ) and dk(J ) are dē ned at (2.1) and (2.2), respectively.

Beforeproceedingto the proof, we note the following. In the present setting, the argument

usedto prove Theorem3.6.4of School¯eld (1999a)givesthe upper bound

kP k ((~x0; e); ¢) ¡ P1 (¢) kTV · kQ¤k ¡ USn kTV + P(T > k) ;

whereT := inf f k ¸ 1 : Hk = [n]g and Hk is dē ned asat the outset of that theorem'sproof.

Theorem 2.3 provides a similar type of upper bound, but (a) we work with L2 distance

instead of total variation distanceand (b) the analysisis more intricate, involving the need

to considerhow many stepsare neededto escape setsJ of positions and also the needto
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know L2 for random walks on subsetsof [n]. However, Theorem 2.3 does derive an exact

formula for L2.

Pr oof. For each k ¸ 1, let Hk :=
k[

`= 1

I (»̂̀ ) µ [n]; so Hk is the (random) set of indices

included in at leastoneof the augmented permutations »̂1; : : : ; »̂k . For any givenw = (~x; ¼) 2

G o Sn , let A µ [n] be the set of indicessuch that x i 6= Âi , wherex i is the i th entry of ~x and

Âi is the i th entry of ~x0, and let B = [n] n F (¼) be the set of indicesderangedby ¼. Notice

that Hk ¶ A [ B . Then

P(Wk = (~x; ¼)) =
X

C:A[ B µ Cµ [n]

P(Hk = C; Wk = (~x; ¼))

=
X

C:A[ B µ Cµ [n]

P(Hk = C; Yk = ¼) ¢P(X k = ~x j Hk = C)

=
X

C:A[ B µ Cµ [n]

P(Hk = C; Yk = ¼)
Y

i 2 C

px i :

For any J µ [n], we have P(Hk µ J; Yk = ¼) = 0 unlessB µ J µ [n], in which case

P(Hk µ J; Yk = ¼) = P(Hk µ J ) P(Yk = ¼j Hk µ J )

=
³

bQf ¾̂2 bSn : I (¾̂) µ Jg
´ k

P(Yk = ¼j Hk µ J )

= ¹ n (J )k P(Yk = ¼j Hk µ J ) :

Then, by MÄobius inversion[see,e.g.,Stanley (1986), Section3.7], for any C µ [n] we have

P(Hk = C; Yk = ¼) =
X

J :J µ C

(¡ 1) jC j¡j J j P(Hk µ J; Yk = ¼)

=
X

J :B µ J µ C

(¡ 1) jC j¡j J j ¹ n (J )k P(Yk = ¼j Hk µ J ) :

Combining theseresults gives

P(Wk = (~x; ¼)) =
X

C:A[ B µ Cµ [n]

X

J :B µ J µ C

(¡ 1) jC j¡j J j ¹ n (J )k P(Yk = ¼j Hk µ J )
Y

i 2 C

px i

=
X

J :B µ J µ [n]

(¡ 1) jJ j ¹ n (J )k P(Yk = ¼j Hk µ J )
X

C:A[ J µ Cµ [n]

Y

i 2 C

(¡ px i ):
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But for any D µ [n], we have

X

C:D µ Cµ [n]

Y

i 2 C

(¡ px i ) =

"
Y

i 2 D

(¡ px i )

#
X

E :E µ [n]nD

Y

i 2 E

(¡ px i )

=

"
Y

i 2 D

(¡ px i )

#
Y

i 2 [n]nD

(1 ¡ px i )

=
Y

i 2 [n]

[1 ¡ ID (i ) ¡ px i ]

where(as usual) ID (i ) = 1 if i 2 D and ID (i ) = 0 if i 62 D. Therefore

P(Wk = (~x; ¼)) =
X

J :B µ J µ [n]

(¡ 1) jJ j ¹ n (J )k P(Yk = ¼j Hk µ J )
nY

i =1

[1 ¡ IA[ J (i ) ¡ px i ] :

In particular, when (~x; ¼) = (~x0; e), we have A = ; = B and

P(Wk = (~x0; e)) =
X

J :J µ [n]

(¡ 1) jJ j ¹ n (J )k P(Yk = e j Hk µ J )
nY

i =1

[1 ¡ I J (i ) ¡ pÂi ]

=

"
nY

i =1

pÂi

#
X

J :J µ [n]

¹ n (J )k P(Yk = e j Hk µ J )
Y

i 62 J

³
1

pÂi
¡ 1

´
:

Notice that f Hk µ Jg =
k\

`=1

n
I (»̂̀ ) µ J

o
for any k and J . So L ((Y0; Y1; : : : ; Yk j Hk µ J ))

is the law of a random walk on Sn (through step k) with step distribution QS( J )
. Thus, using
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the reversibility of P and the symmetry of QS( J )
,

kP k ((~x0; e); ¢) ¡ P1 (¢)k2
2 =

n!
Q n

i =1 pÂi

P2k ((~x0; e); (~x0; e)) ¡ 1

= n!
X

J :J µ [n]

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

¹ n (J )2k P(Y2k = e j H2k µ J ) ¡ 1

= n!
X

J :J µ [n]

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

¹ n (J )2k

µ
kQ¤k

S( J )
¡ US( J )

k2
2 +

1
jJ j!

¶
¡ 1

= n!
X

J :J µ [n]

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

¹ n (J )2k 1
jJ j!

(dk(J ) + 1) ¡ 1

=
X

J :J µ [n]

n!
jJ j!

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

¹ n (J )2k dk(J )

+
X

J :J ( [n]

n!
jJ j!

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

¹ n (J )2k ;

from which the desiredresult follows.

2.3. Corollaries. We now establishseveral corollariesto our main result.

Cor ollar y 2.4. Let W be the Markov chain on the completemonomial group G o Sn

as in Theorem 2.3. For 0 · j · n, let

M n (j ) := maxf ¹ n (J ) : jJ j = j g and Dk(j ) := maxf dk(J ) : jJ j = j g :

Also let

B(n; k) := maxf Dk(j ) : 0 · j · ng = maxf dk(J ) : J µ [n]g:

Then

kP k ((~x0; e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; e); ¢) ¡ P1 (¢)k2
2

· 1
4 B(n; k)

nX

j =0

µ
n
j

¶
n!
j !

³
1

pmin
¡ 1

´ n¡ j
M n (j )2k

+ 1
4

n¡ 1X

j =0

µ
n
j

¶
n!
j !

³
1

pmin
¡ 1

´ n¡ j
M n (j )2k :
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Pr oof. Notice that
Y

i 62 J

³
1

pÂi
¡ 1

´
·

³
1

pmin
¡ 1

´ n¡ jJ j
:

The result then follows readily from Theorem2.3.

Cor ollar y 2.5. In addition to the assumptionsof Theorem 2.3 and Corollary 2.4,

suppose that there exists m > 0 such that M n (j ) · (j =n)m for all 0 · j · n. Let k ¸
1
m n logn + 1

2m n log
³

1
pmin

¡ 1
´

+ 1
m cn. Then

kP k ((~x0; e); ¢) ¡ P1 (¢) kTV · 1
2 kP k ((~x0; e); ¢) ¡ P1 (¢)k2 ·

¡
B (n; k) + e¡ 2c

¢1=2
:

Pr oof. It follows from Corollary 2.4 that

kP k ((~x0; e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; e); ¢) ¡ P1 (¢)k2
2

· 1
4 B (n; k)

nX

j =0

µ
n
j

¶
n!
j !

³
1

pmin
¡ 1

´ n¡ j
µ

j
n

¶ 2km

+ 1
4

n¡ 1X

j =0

µ
n
j

¶
n!
j !

³
1

pmin
¡ 1

´ n¡ j
µ

j
n

¶ 2km

:

(2.6)

If we let i = n ¡ j , then the upper bound becomes

kP k ((~x0; e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; e); ¢) ¡ P1 (¢)k2
2

· 1
4 B (n; k)

nX

i =0

µ
n
i

¶
n!

(n ¡ i )!

³
1

pmin
¡ 1

´ i ¡
1 ¡ i

n

¢2km

+ 1
4

nX

i =1

µ
n
i

¶
n!

(n ¡ i )!

³
1

pmin
¡ 1

´ i ¡
1 ¡ i

n

¢2km

· 1
4 B (n; k)

nX

i =0

1
i !

n2i
³

1
pmin

¡ 1
´ i

e¡ 2ik m=n + 1
4

nX

i =1

1
i !

n2i
³

1
pmin

¡ 1
´ i

e¡ 2ik m=n :

Notice that if k ¸ 1
m n logn + 1

2m n log
³

1
pmin

¡ 1
´

+ 1
m cn, then

e¡ 2ik m=n ·

2

4 e¡ 2c

³
1

pmin
¡ 1

´
n2

3

5

i

;
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from which it follows that

kP k ((~x0; e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; e); ¢) ¡ P1 (¢)k2
2

· 1
4 B (n; k)

nX

i =0

1
i !

¡
e¡ 2c

¢i
+ 1

4

nX

i =1

1
i !

¡
e¡ 2c

¢i

· 1
4 B (n; k) exp

¡
e¡ 2c

¢
+ 1

4e¡ 2c exp
¡
e¡ 2c

¢
:

Sincec > 0, we have exp(e¡ 2c) < e. Therefore

kP k ((~x0; e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; e); ¢) ¡ P1 (¢)k2
2 · B (n; k) + e¡ 2c;

from which the desiredresult follows.

Cor ollar y 2.7. In addition to the assumptionsof Theorem 2.3 and Corollary 2.4,

supposethat a set with the distribution of I (¾̂) when¾̂hasdistribution bQ can be constructed

by ¯rst choosing a set size 0 < ` · n according to a probability mass function f n (¢) and

then choosing a set L with jL j = ` uniformly among all such choices. Let k ¸ n logn +
1
2n log

³
1

pmin
¡ 1

´
+ cn. Then

kP k ((~x0; e); ¢) ¡ P1 (¢) kTV · 1
2 kP k ((~x0; e); ¢) ¡ P1 (¢)k2 ·

¡
B (n; k) + e¡ 2c

¢1=2
:

Pr oof. We apply Corollary 2.5. Notice that

bQf ¾̂2 bSn : I (¾̂) = Lg =

(
f n (`)=

¡ n
`

¢
if jL j = `;

0 otherwise:

Then, for any J µ [n] with jJ j = j ,

M n (j ) = bQf ¾̂2 bSn : I (¾̂) µ Jg =
X

L µ J

bQf ¾̂2 bSn : I (¾̂) = Lg

=
jX

`=1

¡ j
`

¢
f n (`)
¡ n

`

¢ ·
j
n

jX

`=1

f n (`) ·
j
n

:

The result thus follows from Corollary 2.5, with m = 1.

Theorem2.3, and its subsequent corollaries,can be usedto bound the distanceto station-

arity of many di®erent Markov chains W on G o Sn for which bounds on the L2 distance

to uniformit y for the related random walks on Sj for 1 · j · n are known. Theorem 1.2

provides such bounds for random walks generatedby random transpositions, showing that
1
2 j logj steps are su± cient. Roussel(1999) has studied random walks on Sn generatedby
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permutations with n ¡ m ¯xed points for m = 3; 4; 5; and 6. Shehas shown that 1
m n logn

stepsare both necessaryand su± cient.

Using Theorem 1.2, the following result establishesan upper bound on both the total

variation distanceand kP k ((~x0; e); ¢) ¡ P1 (¢)k2 in the specialcasewhen bQ is dē ned by (1.1).

Analogousresultscould be establishedusingboundsfor random walks generatedby random

m-cycles.When P is the uniform distribution on G, the result reducesto Theorem1.3.

Cor ollar y 2.8. Let W be the Markov chain on the completemonomial group G o Sn

as in Theorem 2.3, where bQ is the probability measure on bSn dē ned at (1.1). Let k =
1
2n logn + 1

4n log
³

1
pmin

¡ 1
´

+ 1
2cn. Then there existsa universal constant b> 0 suchthat

kP k ((~x0; e); ¢) ¡ P1 (¢) kTV · 1
2 kP k ((~x0; e); ¢) ¡ P1 (¢)k2 · be¡ c for all c > 0:

Pr oof. Let bQ be dē ned by (1.1). For any set J with jJ j = j , it is clear that we have

¹ n (J ) = (j =n)2 and dk(J ) = j !kQ¤k
Sj

¡ USj k
2
2;

whereQSj is the measureon Sj induced by (1.1) and USj is the uniform distribution on Sj .

It then follows from Theorem 1.2 that there exists a universal constant a > 0 such that

Dk(j ) · 4a2e¡ 2c for each 1 · j · n, when k ¸ 1
2 j logj + 1

2cj . Sincen ¸ j and pmin · 1=2,

this is also true when k = 1
2n logn + 1

4n log
³

1
pmin

¡ 1
´

+ 1
2cn.

It then follows from Corollary 2.5, with m = 2, that

kP k ((~x0; e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; e); ¢) ¡ P1 (¢)k2
2

· 4a2e¡ 2c + e¡ 2c = (4a2 + 1) e¡ 2c;

from which the desiredresult follows.

Corollary 2.8 shows that k = 1
2n logn + 1

4n log
³

1
pmin

¡ 1
´

+ 1
2cn steps are su± cient for

the L2 distance, and hence also the total variation distance, to becomesmall. A lower

bound in the L2 distancecan also be derived by examining n2
³

1
pmin

¡ 1
´ ¡

1 ¡ 1
n

¢4k
, which

is the contribution, when j = n ¡ 1 and m = 2, to the secondsummation of (2.6) from

the proof of Corollary 2.5. In the present context, the secondsummation of (2.6) is the

secondsummation in the statement of Theorem 2.3 with ¹ n (J ) = (jJ j=n)2. Notice that

k = 1
2n logn + 1

4n log
³

1
pmin

¡ 1
´

¡ 1
2cn stepsarenecessaryfor just this term to becomesmall.

3. Mark ov Chains on (G o Sn )=(Sr £ Sn¡ r ). We now analyzea very generalMarkov

chain on the homogeneousspace(G oSn )=(Sr £ Sn¡ r ). It shouldbe noted that, in the results
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which follow, there is no essential useof the groupstructure on G. Sothe resultsof this section

extend simply; in general,the Markov chain of interest is on the set Gn £ (Sn=(Sr £ Sn¡ r )).

3.1. A Class of Chains on (G o Sn )=(Sr £ Sn¡ r ). Let [n] := f 1; 2; : : : ; ng and let

[r ] := f 1; 2; : : : ; r g where 1 · r · n=2. Recall that the homogeneousspaceX = Sn=(Sr £

Sn¡ r ) can be identi ¯ ed with the set of all
¡ n

r

¢
subsetsof size r from [n]. Suppose that

x = f i 1; i 2; : : : ; i r g µ [n] is such a subset and that [n] n x = f j r +1 ; j r +2 ; : : : ; j ng. Let

f i (1) ; i (2) ; : : : ; i (k)g µ x and f j (r +1) ; j (r +2) ; : : : ; j (r + k)g µ [n] n x be the sets with all indices,

listed in increasingorder, such that r + 1 · i (` ) · n and 1 · j (` ) · r for 1 · ` · k; in

the Bernoulli{Laplace framework, theseare the labelsof the balls that are no longer in their

respective initial racks. (Notice that if all the balls are on their initial racks, then both of

thesesetsare empty.) To each element x 2 X , we can thus correspond a uniquepermutation

(j (r +1) i (1) )(j (r +2) i (2) ) ¢¢¢(j (r + k) i (k))

in Sn , which is the product of k (disjoint) transpositions; when this permutation serves

to represent an element of the homogeneousspaceX , we denote it by ~¼. For example, if

x = f 2; 4; 8g 2 X = S8=(S3 £ S5), then ~¼= (1 4)(3 8). (If all of the balls are on their initial

racks, then ~¼= e.) Notice that any given ¼2 Sn correspondsto a unique ~¼2 X ; denotethe

mapping ¼7! ~¼by R. For example,let ¼be the permutation that sends(1; 2; 3; 4; 5; 6; 7; 8)

to (8; 2; 4; 6; 7; 1; 5; 3); then x = f 8; 2; 4g = f 2; 4; 8g and ~¼= R(¼) = (1 4)(3 8).

We now modify the conceptof augmented permutation introducedin Section2.1. Rather

than the ordered pair of a permutation ¼ 2 Sn and a subset J of F (¼), we now take an

augmented permutation to be the ordered pair of a permutation ¼ 2 Sn and a subset J

of F (R(¼)).
h

In the above example,F (R(¼)) = F (~¼) = f 2; 5; 6; 7g
i
. The necessity of this

subtle di®erencewill becomeapparent when dē ning bQ. For ¼̂ = (¼; J ) 2 bSn (dē ned in

Section2.1), dē ne

eI (¼̂) := I (R(¼); J ) = I (R(T(¼̂)) ; J ):

Thus eI (¼̂) is the union of the set of indices derangedby R(T(¼̂)) and the subsetJ of the

¯xed points of R(T(¼̂)) .

Let bQ be a probability measureon the augmented permutations bSn satisfying the aug-

mented symmetry property (2.0). Let Q be as described in Section2.1.

Let »̂1; »̂2; : : : be a sequenceof independent augmented permutations each distributed ac-

cording to bQ. Thesecorrespond uniquely to a sequence»1; »2; : : : of permutations each dis-
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tributed accordingto Q. Dē neY := (Y0; Y1; Y2; : : :) to bethe Markov chain on Sn=(Sr £ Sn¡ r )

such that Y0 := ~e and Yk := R (»kYk¡ 1) for all k ¸ 1.

Let P be a probability measuredē ned on a ¯nite group G and let pi for 1 · i · jGj

and pmin > 0 be dē ned as in Section 2.1. Dē ne X := (X 0; X 1; X 2; : : :) to be the Markov

chain on Gn such that X 0 := ~x0 = (Â1; : : : ; Ân ) with Âi 2 G for 1 · i · n and, at each

step k for k ¸ 1, the entries of X k¡ 1 whosepositionsare included in I (»̂k) are independently

changedto an element of G distributed accordingto P.

Dē ne W := (W0; W1; W2; : : :) to be the Markov chain on (G o Sn )=(Sr £ Sn¡ r ) such

that Wk := (X k ; Yk) for all k ¸ 0. Notice that the signed generalization of the classical

Bernoulli{Laplace di®usionmodel analyzedin Theorem 1.6 is a special caseof W , with P

being the uniform distribution on Z2 and bQ being dē ned as at (1.4).

Let P(¢; ¢) be the transition matrix for W and let P1 (¢) be the stationary distribution for

W . Notice that
P1 (~x; ~¼) =

1
¡ n

r

¢
nY

i =1

px i

for any (~x; ~¼) 2 (G o Sn )=(Sr £ Sn¡ r ) and that

P ((~x; ~¼); (~y; ~¾)) =
X

½̂2 bSn :R(T (½̂)~¼)= ~¾

bQ(½̂)

2

4
Y

j 2 I (½̂)

pyj

3

5 ¢

2

4
Y

`62 I (½̂)

I (x` = y` )

3

5

for any (~x; ~¼); (~y; ~¾) 2 (G o Sn )=(Sr £ Sn¡ r ). Thus, using the augmented symmetry of bQ,

P1 (~x; ~¼) P ((~x; ~¼); (~y; ~¾))

=

"
1

¡ n
r

¢
nY

i =1

px i

#
X

½̂2 bSn :R(T (½̂)~¼)= ~¾

bQ(½̂)

2

4
Y

j 2 I (½̂)

pyj

3

5 ¢

2

4
Y

`62 I (½̂)

I (x` = y` )

3

5

=
X

½̂2 bSn :R(T (½̂)~¼)= ~¾

bQ(½̂)

2

4 1
¡ n

r

¢
Y

i 2 I (½̂)

px i

Y

i 62 I (½̂)

px i

3

5 ¢

2

4
Y

j 2 I (½̂)

pyj

3

5 ¢

2

4
Y

`62 I (½̂)

I (x` = y` )

3

5

=
X

½̂2 bSn :R(T (½̂)~¾)= ~¼

bQ(½̂)

2

4 1
¡ n

r

¢
Y

i 2 I (½̂)

px i

Y

j 62 I (½̂)

pyj

3

5 ¢

2

4
Y

j 2 I (½̂)

pyj

3

5 ¢

2

4
Y

`62 I (½̂)

I (y` = x` )

3

5

=

"
1

¡ n
r

¢
nY

j =1

pyj

#
X

½̂2 bSn :R(T (½̂)~¾)= ~¼

bQ(½̂)

2

4
Y

i 2 I (½̂)

px i

3

5 ¢

2

4
Y

`62 I (½̂)

I (y` = x` )

3

5

= P1 (~y; ~¾) P ((~y; ~¾); (~x; ~¼)) :
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Therefore,P is reversible,which is a necessarycondition in order to apply the comparison

technique of Diaconisand Salo®-Coste(1993b).

3.2. Convergence to Stationarit y: Main Result. For any J µ [n], let X (J ) be the

homogeneousspaceS(J )=
¡
S(J \ [r ]) £ S(J \ ([n]n[r ]))

¢
, whereS(J 0) is the subgroupof Sn consisting

of those ¾2 Sn with [n] n F (¾) µ J 0. As in Section3.1, let bQ be a probability measureon

the augmented permutations bSn satisfying the augmented symmetry property (2.0).

Let Q and QS( J )
be as described in Sections2.1 and 2.2. For notational purposes,let

~¹ n (J ) := bQf ¾̂2 bSn : eI (¾̂) µ Jg: (3.1)

Let eQX ( J ) be the probability measureon X (J ) induced (as described in Section 2.2 of

School¯eld (1999b)) by QS( J )
. Also let eUX ( J ) be the uniform measureon X (J ) . For notational

purposes,let

~dk(J ) :=
¡ jJ j

jJ \ [r ]j

¢
kgQ¤k

X ( J ) ¡ eUX ( J ) k2
2: (3.2)

Example.Let bQ be dē ned asat (1.4). Then bQ satis̄ es the augmented symmetry property

(2.0). In the Bernoulli{Laplace framework, the elements bQ(·; f j g) and bQ(·; f i; j g) leave the

balls on their current racks, but single out one or two of them, respectively; the element
bQ(¿·; ; ) switchestwo balls betweenthe racks. In Corollary 3.8 we will be using bQ to dē ne

a Markov chain on (G o Sn )=(Sr £ Sn¡ r ) which is a generalizationof the Markov chain

analyzedin Theorem1.6.

It is also easyto verify that bQS( J )
is the probability measuredē ned at (1.4), but with

[r ] and [n] n [r ] changedto J \ [r ] and J \ ([n] n [r ]), respectively. Thus, roughly put, our

generalizationof the Markov chain analyzedin Theorem1.6, conditionally restricted to the

indices in J , gives a Markov chain on
¡
G oS(J )

¢
=

¡
S(J \ [r ]) £ S(J \ ([n]n[r ]))

¢
\as if J were the

only indices."

The following result establishesan upper bound on the total variation distanceby deriving

an exact formula for kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2
2.
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Theorem 3.3. Let W be the Markov chain on the homogeneous space

(G o Sn )=(Sr £ Sn¡ r ) dē ned in Section 3.1. Then

kP k ((~x0; ~e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2
2

= 1
4

X

J :J µ [n]

¡ n
r

¢

¡ jJ j
jJ \ [r ]j

¢

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

~¹ n (J )2k ~dk(J )

+ 1
4

X

J :J ( [n]

¡ n
r

¢

¡ jJ j
jJ \ [r ]j

¢

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

~¹ n (J )2k ;

where ~¹ n (J ) and ~dk(J ) are dē ned at (3.1) and (3.2), respectively.

Pr oof. For each k ¸ 1, let Hk :=
k[

`= 1

eI (»̂̀ ) µ [n]. For any given w = (~x; ~¼) 2

(G o Sn )=(Sr £ Sn¡ r ), let A µ [n] be the set of indices such that x i 6= Âi , where x i is

the i th entry of ~x and Âi is the i th entry of ~x0, and let B = [n] n F (~¼) be the set of indices

derangedby ~¼. Notice that Hk ¶ A [ B .

The proof continuesexactly as in the proof of Theorem2.3 to determine that

P(Wk = (~x; ~¼)) =
X

J :B µ J µ [n]

(¡ 1) jJ j ~¹ n (J )k P(Yk = ~¼j Hk µ J )
nY

i =1

[1 ¡ IA[ J (i ) ¡ px i ] :

In particular, when (~x; ~¼) = (~x0; ~e), we have A = ; = B and

P(Wk = (~x0; ~e)) =
X

J :J µ [n]

(¡ 1) jJ j ~¹ n (J )k P(Yk = ~e j Hk µ J )
nY

i =1

[1 ¡ I J (i ) ¡ pÂi ]

=

"
nY

i =1

pÂi

#
X

J :J µ [n]

~¹ n (J )k P(Yk = ~e j Hk µ J )
Y

i 62 J

³
1

pÂi
¡ 1

´
:

Notice that f Hk µ Jg =
k\

`=1

n
eI (»̂̀ ) µ J

o
for any k and J . SoL ((Y0; Y1; : : : ; Yk j Hk µ J )) is

the law of a Markov chain on Sn=(Sr £ Sn¡ r ) (through step k) with step distribution QX ( J ) .
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Thus, using the reversibility of P and the symmetry of QX ( J ) ,

kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2
2 =

¡ n
r

¢

Q n
i =1 pÂi

P2k ((~x0; ~e); (~x0; ~e)) ¡ 1

=
µ

n
r

¶ X

J :J µ [n]

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

~¹ n (J )2k P(Y2k = ~e j H2k µ J ) ¡ 1

=
µ

n
r

¶ X

J :J µ [n]

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

~¹ n (J )2k

"

kgQ¤k
X ( J ) ¡ eUX ( J ) k2

2 +
1

¡ jJ j
jJ \ [r ]j

¢

#

¡ 1

=
µ

n
r

¶ X

J :J µ [n]

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

~¹ n (J )2k 1
¡ jJ j

jJ \ [r ]j

¢
³

~dk(J ) + 1
´

¡ 1

=
X

J :J µ [n]

¡ n
r

¢

¡ jJ j
jJ \ [r ]j

¢

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

~¹ n (J )2k ~dk(J )

+
X

J :J ( [n]

¡ n
r

¢

¡ jJ j
jJ \ [r ]j

¢

"
Y

i 62 J

³
1

pÂi
¡ 1

´
#

~¹ n (J )2k ;

from which the desiredresult follows.

3.3. Corollaries. We now establishseveral corollariesto our main result.

Cor ollar y 3.4. Let W be the Markov chain on the homogeneous space

(G o Sn )=(Sr £ Sn¡ r ) as in Theorem 3.3. For 0 · j · n, let

fM n (j ) := maxf ~¹ n (J ) : jJ j = j g and eDk(j ) := max
n

~dk(J ) : jJ j = j
o

:

Also let

eB(n; k) := max
n

eDk(j ) : 0 · j · n
o

= max
n

~dk(J ) : J µ [n]
o

:

Then

kP k ((~x0; ~e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; ~e) ¡ ¢) ; P1 (¢)k2
2

· 1
4

eB(n; k)
rX

i =0

n¡ rX

j =0

µ
r
i

¶ µ
n ¡ r

j

¶ ¡ n
r

¢

¡ i + j
i

¢
³

1
pmin

¡ 1
´ n¡ (i + j )

fM n (j )2k

+ 1
4

rX

i =0

n¡ rX

j =0

µ
r
i

¶ µ
n ¡ r

j

¶ ¡ n
r

¢

¡ i + j
i

¢
³

1
pmin

¡ 1
´ n¡ (i + j )

fM n (j )2k ;
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where the last sum must be modi¯ed to excludethe term for i = r and j = n ¡ r .

Pr oof. The proof is analogousto that of Corollary 2.4.

Cor ollar y 3.5. In addition to the assumptionsof Theorem 3.3 and Corollary 3.4,

suppose that there exists m > 0 such that fM n (j ) · (j =n)m for all 0 · j · n. Let k ¸
1

2m n
³

logn + log
³

1
pmin

¡ 1
´

+ c
´

. Then

kP k ((~x0; ~e); ¢) ; P1 (¢) kTV · 1
2 kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2 · 2

³
eB (n; k) + e¡ c

´ 1=2
:

Pr oof. It follows from Corollary 3.4 that

kP k ((~x0; ~e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2
2

· 1
4

eB (n; k)
rX

i =0

n¡ rX

j =0

µ
r
i

¶ µ
n ¡ r

j

¶ ¡ n
r

¢

¡ i + j
i

¢
³

1
pmin

¡ 1
´ n¡ (i + j )

µ
i + j

n

¶ 2km

+ 1
4

rX

i =0

n¡ rX

j =0

µ
r
i

¶ µ
n ¡ r

j

¶ ¡ n
r

¢

¡ i + j
i

¢
³

1
pmin

¡ 1
´ n¡ (i + j )

µ
i + j

n

¶ 2km

;

(3.6)

where the last sum must be modi¯ed to excludethe term for i = r and j = n ¡ r . Notice

that

µ
r
i

¶ µ
n ¡ r

j

¶ ¡ n
r

¢

¡ i + j
i

¢ =
µ

n
i + j

¶ µ
n ¡ (i + j )

r ¡ i

¶
:

Thus if we put j 0 = i + j and changethe order of summation we have (enacting now the

required modi¯cation)

kP k ((~x0; ~e); ¢) ; P1 (¢) k2
TV · 1

4 kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2
2

· 1
4

eB (n; k)
nX

j =0

µ
n
j

¶ ³
1

pmin
¡ 1

´ n¡ j
µ

j
n

¶ 2km r ^ (j ¡ ` )X

i = `_ (r ¡ (n¡ j ))

µ
n ¡ j
r ¡ i

¶

+ 1
4

n¡ 1X

j =0

µ
n
j

¶ ³
1

pmin
¡ 1

´ n¡ j
µ

j
n

¶ 2km r ^ (j ¡ ` )X

i = `_ (r ¡ (n¡ j ))

µ
n ¡ j
r ¡ i

¶
:
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Of course
r ^ (j ¡ ` )X

i = `_ (r ¡ (n¡ j ))

¡ n¡ j
r ¡ i

¢
· 2n¡ j . If we then let i = n ¡ j , the upper bound becomes

kP k ((~x0; ~e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2
2

· 1
4

eB (n; k)
nX

i =0

2i

µ
n
i

¶ ³
1

pmin
¡ 1

´ i ¡
1 ¡ i

n

¢2km

+ 1
4

nX

i =1

2i

µ
n
i

¶ ³
1

pmin
¡ 1

´ i ¡
1 ¡ i

n

¢2km

· 1
4

eB (n; k)
nX

i =0

1
i !

(2n) i
³

1
pmin

¡ 1
´ i

e¡ 2ik m=n + 1
4

nX

i =1

1
i !

(2n) i
³

1
pmin

¡ 1
´ i

e¡ 2ik m=n :

Notice that if k ¸ 1
2m n

³
logn + log

³
1

pmin
¡ 1

´
+ c

´
, then

e¡ 2ik m=n ·

2

4 e¡ c

³
1

pmin
¡ 1

´
n

3

5

i

;

from which it follows that

kP k ((~x0; ~e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2
2

· 1
4

eB (n; k)
nX

i =0

1
i !

¡
2e¡ c

¢i
+ 1

4

nX

i =1

1
i !

¡
2e¡ c

¢i

· 1
4

eB (n; k) exp
¡
2e¡ c

¢
+ 1

2e¡ c exp
¡
2e¡ c

¢
:

Sincec > 0, we have exp(2e¡ c) < e2. Therefore

kP k ((~x0; ~e); ¢) ¡ P1 (¢) k2
TV · 1

4 kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2
2 · 4

³
eB (n; k) + e¡ c

´
;

from which the desiredresult follows.

Cor ollar y 3.7. In addition to the assumptionsof Theorem 3.3 and Corollary 3.4, sup-

posethat a setwith thedistribution of eI (¾̂) when¾̂hasdistribution bQ can beconstructed by¯rst

choosinga setsize0 < ` · n according to a probability massfunction f n (¢) andthenchoosinga

setL with jL j = ` uniformly amongall suchchoices.Let k ¸ 1
2n

³
logn + log

³
1

pmin
¡ 1

´
+ c

´
.

Then

kP k ((~x0; ~e); ¢) ¡ P1 (¢) kTV · 1
2 kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2 · 2

³
eB(n; k) + e¡ c

´ 1=2
:
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Pr oof. The proof is analogousto that of Corollary 2.7.

Theorem3.3, and its subsequent corollaries,can be usedto bound the distanceto station-

arity of many di®erent Markov chains W on (G o Sn )=(Sr £ Sn¡ r ) for which boundson the

L2 distanceto uniformit y for the related Markov chains on Si + j =(Si £ Sj ) for 0 · i · r and

0 · j · n ¡ r are known. As an example,the following result establishesan upper bound on

both the total variation distanceand kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2 in the special casewhen bQ is

dē ned by (1.4). This corollary actually ¯ts the framework of Corollary 3.7, but the result is

better than that which would have beendeterminedby merelyapplying Corollary 3.7. When

G = Z2 and P is the uniform distribution on G, the result reducesto Theorem1.6.

Cor ollar y 3.8. Let W be the Markov chain on the homogeneous space

(G o Sn )=(Sr £ Sn¡ r ) as in Theorem 3.3, where bQ is the probability measure on bSn

dē ned at (1.4). Let k = 1
4n

³
logn + log

³
1

pmin
¡ 1

´
+ c

´
. Then there exists a universal

constant b> 0 suchthat

kP k ((~x0; ~e); ¢) ¡ P1 (¢) kTV · 1
2 kP k ((~x0; ~e); ¢) ¡ P1 (¢)k2 · be¡ c=2 for all c > 0:

Pr oof. The proof is analogousto that of Corollary 2.8.

Corollary 3.8 shows that k = 1
4n

³
logn + log

³
1

pmin
¡ 1

´
+ c

´
stepsare su±cient for the

L2 distance, and hencealso the total variation distance, to becomesmall. A lower bound

in the L2 distance can also be derived by examining 2n
³

1
pmin

¡ 1
´ ¡

1 ¡ 1
n

¢4k
, which is the

contribution, when i + j = n ¡ 1 and m = 2, to the secondsummation of (3.6) from

the proof of Corollary 3.5. In the present context, the secondsummation of (3.6) is the

secondsummation in the statement of Theorem 3.3 with ~¹ n (J ) = (jJ j=n)2. Notice that

k = 1
4n

³
logn + log

³
1

pmin
¡ 1

´
¡ c

´
stepsare necessaryfor just this term to becomesmall.
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