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PRODUCTS AND RELA TED HOMOGENEOUS SPACES
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We dewelop a method for analyzing the mixing times for a quite general class of
Markov chains on the complete monomial group G 0S, and a quite general class of
Markov chains on the homogeneousspace (G 0S,)=(S; £ Sy; ). We derive an exact
formula for the L? distance in terms of the L? distances to uniformity for closely
related random walks on the symmetric groups §; for 1 - j - n or for closely related
Markov chains on the homogeneousspacesS;. =(S; £ S;) for various valuesof i and j,
respectively. Our results are consistert with those previously known, but our method is
considerably simpler and more general.

1. Intro duction and Summary . In the proofs of many of the results of Scool eld
(1999a),the L? distanceto uniformity for the random walk (on the so-calledwreath product
of agroup G with the symmetricgroup S,) beinganalyzedis often found to be expressiblan
terms of the L? distanceto uniformity for related random walks on the symmetric groupss;
with 1- j - n. Similarly, in the proofs of many of the results of Schooleld (1999b), the L?
distanceto stationarity for the Markov chain being analyzedis often found to be expressible
in terms of the L? distanceto stationarity of related Markov chains on the homogeneous
spacesS;.j =S £ §;) for variousvaluesofi andj . It is from this obsenation that the results
of this paper have ewlved. We dewelop a method, with broad applications, for bounding the
rate of convergenceto stationarity for a generalclassof random walks and Markov chains
in terms of closelyrelated chains on the symmetric groupsand related homogeneouspaces.
Certain specialized problems of this sort were previously analyzed with the use of group
represemation theory. Our analysisis more directly probabilistic and yields someinsight
into the basicstructure of the random walks and Markov chains being analyzed.

1.1. Mark ov Chains on G 0S,. We now descrike one of the two basicset-upswe will
be considering[namely, the onecorrespndingto the resultsin School eld (1999a)].Let n be
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s&). Imagine n cards,labeled 1 through n on their fronts, arrangedon a table in sequetial
order. Write the number 1 on the bad of ead card. Now repeatedly permute the cardsand
rewrite the numbers on their bads, as follows. For ead independen repetition, begin by
choosingintegersi andj independerly accordingto P.

If i & ], transposethe cardsin positionsi and j. Then, (probabilistically) independerily
of the choiceof i and |, replacethe numberson the bads of the transposedcardswith two
numbers chosenindependerily from G accordingto P.

If i = j (which occurswith probability 1=n), leave all cardsin their current positions.
Then, againindependerly of the choiceof j, replacethe number on the bad of the card in
position j by a number chosenaccordingto P.

Our interestis in boundingthe mixing time for Markov chainsof the sort we have descriked.
More generally considerany probability measure say (9 on the set of orderedpairs »s0f the

points of ¥ At ead time step, we choosesud a »accordingto ® and then (a) permute the
cardsby multiplying the current permutation of front-labelsby ¥4 and (b) replacethe badk-
numbers of all cards whosepositions have changed,and also every card whose(necessarily
unchanged)position belongsto J, by numbers chosenindependerly accordingto P.

The specic transpositions example discussedabove ts the more general description,
taking ® to be dened by

. 1 . . . .
@(e;fj Q) = oz for any | 2 [n], with e the identity permutation;
2 .
Q)= = for any transposition ¢; (1.1)

O() := 0 otherwise
Whenm = 1, i.e., whenthe aspect of bak-number labeling is ignored, the state spaceof the
chain can be identi ed with the symmetric group S,,, and the mixing time can be bounded
asin the following classicalresult, which is Theorem 1 of Diaconis and Shahshahani(1981)
and waslater includedin Diaconis(1988)as Theorem5 in SectionD of Chapter 3. The total
variation norm (k ¢kry ) and the L2 norm (k ¢k,) will be reviewed in Section1.3,

Theorem 1.2. Let°“ denotethe distribution at time k for the random transmsitions
chain (1.1) whenm = 1, and let U be the uniform distribution on S;,. Letk = %n logn + cn.
Then there existsa universal constanta > 0 suchthat

ko™i Ukry - ko™ Uk, - aé® forallc> 0
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Without reviewingthe precisedetails, we remark that this bound is sharp, in that there
is a matching lower bound for total variation (and hencealso for L?). Thus, roughly put,
%n logn + cn stepsare necessaryand sutcient for approximate stationarity.

Now considerthe chain (1.1) for generalm , 2, but restrict attention to the casethat P
is uniform on G. An elemenary approad to bounding the mixing time is to conbine the
mixing time result of Theorem 1.2 (which measureshow quickly the cards get mixed up)
with a coupon collector's analysis(which measureshow quickly their badk-numbersbecome
random). This approad is carried out in Theorem 3.6.4 of School eld (1999a),but givesan
upper bound only ontotal variation distance.If we areto usethe chain's mixing-time analysis
in conjunction with the powerful comparisontechnique of Diaconisand Sald®-Coste(1993a,
1993b)to bound mixing times for other more complicated chains, asis donefor examplein
Section4 of Scool eld (1999a),we needan upper bound on L2 distance.

Sud a bound can be obtained using group represetation theory. Indeed, the Markov
chain we have descriked is a random walk on the completemonomial group G 0S;,, which is
the wreath product of the group G with S,; seeScool eld (1999a)for further badkground
and discussion.The following result is Theorem 3.1.3 of School eld (1999a).

Theorem 1.3. Let°° denotethe distribution at time k for the random transpsitions
chain (1.1 whenP is uniform on G (with jGj , 2). Letk = %n logn + %n log(jGji 1)+ cn.
Then there existsa universal constant b > 0 suchthat

ko™i Ukry - ko™ Uk, - be® forallc> 0

For L2 distance(but not for TV distance),the presenceof the additional term %n log(jGji
1) in the mixing-time boundis \real," in that there is a matching lower bound: seethe table
at the end of Section3.6in Scool eld (1999a).

The group-represetation approad becomessubstartially morediz cult to carry out when
the card-rearrangemeh stheme is something other than random transpositions, and pro-
hibitiv ely so if the resulting step-distribution on S, is not constart on conjugacy classes.
Moreover, there is no possibility whatscever of using this approad when P is non-uniform,
sincethen we are no longer dealing with random walk on a group.

In Section 2 we provide an L2-analysisof our chain for completely generalshuzes @ of
the sort we have descriked. More specically, in Theorem2.3 we derive an exact formula for
the L2 distanceto stationarity in terms of the L? distancefor closelyrelated random walks
on the symmetric groups §; for 1 - j - n. Subsequen corollaries establish more easily
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applied results in special caseslIn particular, Corollary 2.8 extendsTheorem 1.3 to handle
non-uniform P.

Our new method does have its limitations. The badk-number randomizations must not
depend on the current badk numbers (but rather chosenafreshfrom P), and they must be
independent and idertically distributed from card to card. So,for example,we do not know
how to adapt our method to analyzethe \paired-shu?es " random walk of Section 3.7 in
Sdool eld (1999a).

1.2. Mark ov Chains on (G o0 S,)=S £ S,,¢). Wenow turn to our secondbasic
set-up [namely, the one correspnding to the resultsin Scool eld (1999b)]. Again, let n be

Imagine two racks, the rst with positions labeled 1 through r and the secondwith po-
sitions labeledr + 1 through n. Without lossof generality, we assumethat 1 - r - n=2
Supposethat there are n balls, labeledwith serialnumbers1 through n, ead initially placed
at its correspnding rack position. On ead ball is written the number 1, which we shall call
its G-number. Now repeatedly rearrangethe balls and rewrite their G-numbers, as follows.

Considerany @ asin Sectionl.1 At ead time step, choose?sfrom @ andthen (a) permute
the balls by multiplying the current permutation of serial numbersby ¥ (b) independerly,
replacethe G-numbers of all balls whosepositions have changedas a result of the permuta-
tion, and also every ball whose(necessarilyunchanged) position belongsto J, by numbers
chosenindependertly from P; and (c) rearrangethe balls on ead of the two racks so that
their serial numbersare in increasingorder.

Notice that steps(a){(b) are carried out in preciselythe sameway as steps (a){(b) in
Section1.1 The state of the systemis completely determined, at ead step, by the ordered
n-tuple of G-numbers of the n balls 1;2;:::;n and the unorderedset of serial numbers o
balls on the rst rack. We have thus described a Markov chain on the set of all jGj" ¢l?
orderedpairs of n-tuples of elemens of G and r-elemer subsetsof a setwith n elemerts.
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In our presen setting, the transpositions example(1.1) ts the more generaldescription,
taking ® to be dened by

(9(-; fjg) = mwhere- 2K andj 2 [n];
e 2 where- 2 K andi 6 |
Qi fijg) = n2ri(nj r)! with i;j 2 [r]ori;j 2 [n]n[r]; (1.4)
e 1) = i Ty Vheree 2 TK;
@(1)9 =0 otherwise

where K = S £ S, T is the set of all transpositionsin S, nK, and TK := f¢- 2
S, :¢2Tand- 2 Kg Whenm = 1, the state spaceof the chain can be iderti ed
with the homogeneouspaceS,=(S; £ S,; ;). The chain is then a variant of the celebrated
Bernoulli{Laplace di®usionmodel. For the classicalmodel, Diaconisand Shahshahan(1987)
determinedthe mixing time. Similarly, School eld (1999b)determinedthe mixing time of the

2

preser variant, which slows down the classicalchain by a factor of m by not forcing two

ballsto switch racks at ead step. The following resultis Theorem2.5.30f School eld (1999b).

Theorem 1.5. Let €5 denotethe distribution at time k for the variant (1.4 of the
Bernoulli{L aplaee madelwhenm = 1, andlet 8 be the uniform distribution on S,=(S,£ S, ;).
Letk = %n(logn + €). Then there existsa universal constanta > 0 suchthat

ki i Bk, - L1kdk; Bk, - ad® forallc> O

Again there are matching lower bounds, for r not too far from n=2, sothis Markov chain
is twice asfast to corvergeasthe random walk of Theorem1.2

The following analogue,for the special casem = 2, of Theorem 1.3 in the presen setting
was obtained as Theorem 3.1.3 of School eld (1999b).

Theorem 1.6. Let 92 denotethe distribution at time k for the variant (1.4 of the
Bernoulli{L aplaee model whenP is uniform on G with jGj = 2. Letk = %n(logn + ¢). Then
there existsa universal constantb> 0 suchthat

kdok | @kry - Lkdk; Bk, - beé°? forall c> 0

Notice that Theorem 1.6 provides (essetially) the samemixing time bound asthat found
in Theorem 1.5, Again there are matching lower bounds, for r not too far from n=2, sothis
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Markov chain is twice asfast to convergeasthe random walk of Theorem1.3in the special
casem = 2.

In Section 3, we provide a generall 2-analysisof our chain, which has state spaceequal
to the homogeneousspace(G o S,)=(S; £ Sy, ). More specically, in Theorem 3.3 we
derive an exact formula for the L2 distanceto stationarity in terms of the L? distance for
closelyrelated Markov chains on the homogeneouspacesS;.;=(S; £ ;) for various values
of i and j. Subsequen corollaries establish more easily applied results in special cases.In
particular, Corollary 3.8 extendsTheorem 1.6 to handle non-uniform P.

Again, our method doeshave its limitations. For example,we do not know how to adapt
our method to analyzethe \paired-°ips" Markov chain of Section3.4in Scool eld (1999b).

1.3. Distances Between Probabilit y Measures. Wenow reviewse\eral ways of mea-
suring distancesbetween probability measureson a nite setG. Let R be a xed reference
probability measureon G with R(g) > Ofor all g 2 G. As discussedn Aldous and Fill (200x),
foreahh 1- p< 1 de nethe LP norm k°k, of any signedmeasure® on G (with respect
to R) by

_ _ A I
oD 1= X jo(g)®
R 2 R@PH

Thus the LP distance betweenany two probability measuresP and Q on G (with respect
to R) is

1=p

~

u — _ﬂ = A . . ! 1=p
ok = pPiQPT™ X iP@i Qo)
| Qkp = Er—p = R(GP 1
092G
Notice that

X . -

kP i Qki = iP(@i Q(9)j:
092G

In our applications we will always take Q = R (and R will always be the stationary distri-
bution of the Markov chain under considerationat that time). In that case,whenU is the
uniform distribution on G,

A P s
X =
kPi Uk, = jGj jP(9)i U(9)?
02G

The total variation distance betweenP and Q is de ned by

kP j Qkry = TanP(A)i Q(A)j:
uG
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Notice that kP i Qkry = %kP i Qki. It is a direct consequencef the Caudy-Scwarz
inequality that

If P(¢Q is a reversible transition matrix on G with stationary distribution R = P* (9,
then, for any g 2 G,

P?(g0; Qo)
Pt (%)
All of the distanceswe have discussechere are indeedmetrics on the spaceof probability
measureon G.

kP (g0;9i P (§K3 L

2. Mark ov Chains on G 0 S,. We now analyzea very generalMarkov chain on the
completemonomialgroup G 0 S,. It shouldbe noted that, in the results which follow, there
is no essehal useof the group structure of G. Sothe results of this sectionextend simply;
in general,the Markov chain of interestis onthe setG" £ S,,.

2.1. A Class of Chains on G 0 S,. We introduce a generalization of permutations
Y2 S, which will provide an extra level of generality in the results that follow. Recall that
any permutation ¥2 S, can be written asthe product of disjoint cyclic factors, say

ve= (i 15 eeeil) (i 19 eeei?) eee (i) iy eeeil));

wherethe K = k; + ¢¢¢+ k- numbersifja) are distinct elemernts from [n] := f1;2;:::;ng and
we may supposek, , 2forl1- a- ". Thenj K elemens of [n] not included amongthe
iE,a) are eah xed by ¥ we denotethis (nj K)-setby F(%).

We refer to the ordered pair of a permutation Y22 S, and a subsetJ of F(¥) as an
augmente permutation. We denotethe set of all sud orderedpairs %= (¥%4J), with %2 S,
and J p F(¥), by 8,. For example, %4 2 85 given by % = ((12)(34)(567)f8;10g) is
the augmenation of the permutation %2 = (12)(34)(567) 2 S;o by the subsetf8;10g
of F(¥) = 18;9;10g. Notice that any given %42 8, corresppnds to a unique permutation
Y42 S, ; denotethe mapping 247! Yaby T. For 4= (%J) 2 8,, dene I (%) to be the set of
indicesi included in %; in the sensethat either i is not a xed point of Y4or i 2 J; for our
example,l (%) = f1,2;3;4,5;6;7;8;10g.

Let @ bea probability measureon 8, sud that

853) = 8@ L) forall a2 S, andJ g F(¥) = F(¥4 Y): (2.0)
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We refer to this property asaugmente symmetry. This terminology is (in part) justi ed by
the fact that if ® is augmened symmetric, then the measureQ on S, inducedby T is given
by
X .
QW) = 8 (%) = QY foreah Y2 S,
JUF (¥

and sois symmetric in the usual senseWe assumethat Q is not concenrated on a subgroup
of G or a cosetthereof. Thus Q° approathesthe uniform distribution U on S, for largek.

probability measuredened on G. Dene p, := P(g) for 1- i - jGj. To avoid trivialities,
we SuUppoSepmin := minfp :1- i - jGjg> 0.

Let %;%;::: be a sequencef independert augmerted permutations ead distributed ac-
cording to ®. Thesecorrespnd uniquely to a sequences; »;::: of permutations ead dis-
tributed accordingto Q. De ne Y = (Yo; Y1 Ys;:::) to be the random walk on S, with
Yo := eand Yx = »ox; 160 for all k ; 1. (There is no loss of generality in de ning
Yo = €, asany other %2 S, can be transformed to the idertity by a permutation of the
labels.)

Dene X = (Xg;X1;X5;:::) to be the Markov chain on G" sud that X (= %o =
(A A)) with Ay 2 Gfor1 - i - n and, at eat step k for k | 1, the ertries of
Xk; 1 Whosepositions are included in | (%) are independertly changedto an elemen of G
distributed accordingto P.

Dene W = (Wp; Wy; Wo; :::) to bethe Markov chainon G 0S, suc that W, := (Xy; Yk)
for all k , 0. Notice that the randomwalk on G o0 S, analyzedin Theorem1.3is a special
caseof W, with P beingthe uniform distribution and @ beingde ned asat (1.1). Let P(¢ 9
be the transition matrix for W and let P! (¢ be the stationary distribution for W .

Notice that

Pl .1 — 1 w
(X‘, /; - m pXi
i=1
forany (¥;%) 2 G 0 S, and that
2 3 2 3
X Y Y
P (06 9); (v; %) = Qw4 pSet Ik =y)S

28, TM=v#i 1 i21 (% el (%
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forany (%;%;(yv; ¥ 2 G 0 S,. Thus, usingthe augmeried symmetry of 0,
P ()P (% %): (%: %))

" 4 2 32 3
1 ¥ X Y Y
= o M Q®4  p St I(x=y)S
=l 198, T (M= 1 i21(® 81 (%
2 0 10 13 2 3 2 3
X 1 .Y Y Y Y
198, T (M= 1 Toi21(m iBl (% j21(® 81 (%
2 0 10 13 2 3 2 3
X 1 .Y Y Y Y
98, T(M=vai 1 Toi21(m IEIC) i2l(® 81 (%
" 2 32 3
1\ X Y Y
= o P a4 pSet Iy =x)5
Tj= 98, T(H=vai ! i21(% 81 (%

P (: AP (v, 9 (x; %))

Therefore, P is reversible, which is a necessarycondition in order to apply the comparison
technique of Diaconisand Salag®-Coste(1993a).

2.2. Convergence to Stationarit y: Main Result. For notational purposeslet

1,3) = 6228, :1(®»pJg (2.1)

Forany J p [n], let S;;y bethe subgroupof S, consistingof those¥2 S, with [n]nF (%) p J.

If D42 Qn is random with distribution @ then, when the conditioning evert
h [
E=fI(™MuJg =fnnkF (T() K Jg

has positive probability, the probability measureinduced by T from the conditional distri-
bution (call it @Sm) of %agiven E is concertrated on Sy,. Call this induced measureQs, .
Notice that @Sm' like 8, is augmerted symmetric and hencethat Qs,,, Is symmetricon S).
Let Us,,, be the uniform measureon S;). For notational purposeslet

de(3) = JIIKQE, i Us, K (22)
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Example.Let 8 bedened asat (1.1). Then 8 satises the augmerned symmetry property
(2.0). In Corollary 2.8wewill beusing® to de ne arandomwalk on G 0S, which is precisely
the random walk analyzedin Theorem 1.3

For now, however, we will be satised to determine @Sm and Qs,,, whereJ p [n]. It is
easyto verify that

a1 o
Bs,, (e:fj Q) := 2 for eaj 2.3;
@sm((p Q;;) = j\]% for eat transposition ¢ 2 S, with fp;agp J;

@sm(’)’z) := 0 otherwise
and hencethat @S(J) is the probability measurede ned at (1.1), but with [n] changedto

J. Thus, roughly put, the random walk analyzedin Theorem 1.3, conditionally restricted to
the indicesin J, givesa random walk \as if J werethe only indices

The following result establishesan upper bound on the total variation distanceby deriving
an exact formula for kP ((x0;€); 9 i P* (§K3.

Theorem 2.3. Let W be the Markov chain on the complete monomial group G o S,
dened in Section 2.1 Then

kP*((x0:€);9 i P* (9K, - kP ((%0;€);9i P* (9K3
' i

1 X n! Y ’ 1 . 1 2k
=2 ] pa | 1 n(J)7 dk(J)
J:Ju[n]J ) i8J
" L #
+ 1 X n! Y ’ 1 . 1 (J)Zk.
i _I EI n .
J:J([n]JJJ' i8J )

whee ! ,(J) and d¢(J) are de ned at (2.1) and (2.2, respctively.

Beforeproceedingto the proof, we note the following. In the presen setting, the argumert
usedto prove Theorem 3.6.4 of School eld (1999a)givesthe upper bound

KPX((%0;0);9 i P! (9krv - KkQ™| Uskry + P(T>K);

whereT = inffk , 1:Hy = [n]gandH is de ned asat the outset of that theorem'sproof.
Theorem 2.3 provides a similar type of upper bound, but (a) we work with L? distance
instead of total variation distanceand (b) the analysisis more intricate, involving the need
to considerhow many stepsare neededto esca setsJ of positions and also the needto
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know L? for random walks on subsetsof [n]. Howewer, Theorem 2.3 does derive an exact
formula for L2.
k

Proof. Foreah kK6 1,letHy = | (>’§) K [n]; soHg is the (random) set of indices
=1

G 0S,, let A p [n] bethe setof indicessud that x; 6 A, wherex; is the ith entry of x and
A is the ith ertry of %o, and let B = [n] nF (%) be the set of indices derangedby ¥ Notice
that H 1 A[ B. Then

X
P(Wik = (%) = P(Hk = C;Wk = (x;%3)
C:A[BuCu|[n]
X
= P(Hc= C; Yk = Y CP (X = %] Hc = C)
C:A[BuCu|[n]
X Y
= P(Hk: C;Yk: 1/; Px; -
C:A[BuCu|[n] i2C

Forany J u [n], wehave P(Hx 1 J;Yx = ¥ = OunlessB p J u [n], in which case

P(HeH ;Y= %= P(Hep J) P(Y = ¥j He p J)

3 k
Of2:2 8,1 (M pIg P(Ye= ¥jHep J)

La(@) P(Ye = Yaj He p J):

Then, by Mdbius inversion[see,e.qg., Stanley (1986), Section3.7], for any C p [n] we have

X o
PHc=CY=%= (i Y7 PHpIYe=9)
JJucC
X e g _
= (i D™ 1) P(Yk = ¥4j Hep )
JBpJipcC

Combining theseresults gives
X X S Y
(i DT () P(Yk= Y Hep J) s
C:AA[BuCpu[n]Jd:BpJucC i2C
. X Y
(i D710 ) P(Ye = Yaj Hi p J) (i Px):
J:BpuJu[n] C:A[JucCpuln] i2C

P(Wi = (%,%))
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But for any D u [n], we have

n #

X Y Y X Y
Gpa)= G Pa) (i Pa)
C:DucCu[n]li2C i2D E:Eu[nlnD i2E

" #
Y Y

= (i px) i pa)
i2D i2[nInD
Y

= [Li To()i pxl
i2[n]

where(asusual) Ip(i) = 1ifi2 D andIp(i) = Oif i 8 D. Therefore

X . A4
P(Wi = (xY9) = (i D@ PV = Y Hew J)  [10 Taga()i Pyl
J:BuJdu[n] i=1
In particular, when (¢;%) = (%o;€), wehave A = ; = B and
X - . . A4 _
P (Wi = (xo;€) = G D7a@)P(MVe=ejHep d)  [1i L(@)i pal
J:Jpn] i=1
n # 3
A4 X ) _ Y
= PA, L) P(Yk=e€ejHp J) i 1
i=1 3] gl
\k n 0
Notice that fHy pu Jg = I(Q)uJ forany k andJ. SoL ((Yo; Y;:::;Ye ] He it J))

=1
is the law of arandomwalk on S, (through stepk) with stepdistribution Qs,,,. Thus, using
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the reversibility of P and the symmetry of Qs ,,

KP* (019§ P* (9K = O P ((x0:0);(%0i€)) i 1

i=1 PA
X Yy 3 - ”e _
= nl! %i 1 ()T P(Yx=e€ejHxpuld) j 1
JJdu[n] iBJ
X oy 3 - W 17
= n! s 1 a0 kQg i Us‘”ngrJJT i
JJun] i8J )
X "Y i 1 - x 1
= n! i 1 1) W(dk(\])“Ll) i 1
J:Jun] i8J )
" L H#
X nt Y ° 1 2k
= ] Ei 1 1,(J3)" d(J)
J:;Iu[n]J J: iBJ
" L H#
X nt Y ° 1. 1 2
+ JJT pa; | n(J)7
Jacm T sy

from which the desiredresult follows. O

2.3. Corollaries. We now establishsewral corollariesto our main result.

Cor ollar y 2.4. Let W be the Markov chain on the completemonomial groupG o0 S,
asin Theorem2.3 For0- j - n, let

Mn(j) = maxft,(J):jJj=jg and Dy(j) := maxfde(J):jJj=jg:

Also let
B(n;k) := maxfDg(j):0- j - ng= maxfdc(J):J u [n]g:
Then
kP  ((%0;€);9 i P* (9KG, - 5 kP ((x0;€);9i P (9K
x lJn'ﬂnla “ni
1 B(n;k) = M ()
j=0 I
Nlunﬂ nt’ “ni
A R M (i)

j=0
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Pr oof. Notice that
y 3 ’ 3 - " i jai .
i

PA; ' Pmin
i8J

The result then follows readily from Theorem2.3. O

Cor ollar y 2.5. In addition to the assumptionsof Theorem 2.3 and Corollary 2.4,

supmse that there gxists m-> 0 suchthat M,(j) - (j=n)" for all 0 - j
Znlogn + s-nlog pmi| 1 + Lecn. Then
kP ((%0;€);9i P* (Qkrv - 2 kP*((%0;6);9i P! (9k, - 'B(n:k) + &%
Pr oof. It follows from Corollary 2.4 that
kP“((x0;€);9i P* (9K%, - KP“((%0;€);9i P (k3
X Hn'ﬂn|3 'niju-ﬂka
IB(mk) . — i1 ]
4 i=0 J Jl Pmin n
+ lmlunﬂn_!s L 1'nijuj_ﬂ2km-
4 J J| Pmin I n
j=0

If weleti=nj j,then the upper bound becomes

kP ((x0:€);9 i P* (9K&, - 3 kP“((%0;6);9i P* (9K

X Hnﬂ n! 3 " i ¢
1B (n;k) : L1 lqg LA
4 ! i ] min
o | (nj i)y p n
1 3 .
+l)@ IJn n' 1 . 1||1_ i¢2km
Z i S min I I n
oy (nj i)y p n
1 X 1 2i3 1 ,i i 2ik m=n 1)<1 ’
7 B (n; k) ﬁn -—il e + 3 7 -
i=0 i=1
s .
Notice that if k, Znlogn + =nlog pmil 1 + Lcn, then
2 3,
g 2km=n 43 e* 5 ;
L i1 n2

Pmin

}nZi 1 i 1 Iei 2ikm=n:

n. Letk

ey

(2.6)
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from which it follows that
kP ((%0:€);9 i P* (9k3, - 1 kP*((%0;€);9i P (9K

X1 ¢
T

i ¢
- 1B (n:k) 7e‘2°' +
i=0 I i=1

4

- IB(mK)exp @ + leZexp e
Sincec > 0, we have exp(e %°) < e. Therefore
KP*((x0:6);:9 1 P (9K}, - kP ((xo;€:9i P (9k3 - B(mk) + €%

from which the desiredresult follows. O

Cor ollar y 2.7. In addition to the assumptionsof Theorem 2.3 and Corollary 2.4,
supmsethat a setwith the distribution of 1 (%) when®shasdistribution @ can be constructed

by rst chamsinga setsize0 < ° - n according to a prokability massfunction f,(¢ and
then chasing a set L with jLj = ° uniformly amongall such choies. Let k , nlogn +
znlog =i 1 +cn. Then
i . ¢ =]
KP*((%0;€); 0§ P! (Qkry - LkP*((%0;):;9i PL(Qk, - 'B(mk) + &%
Pr oof. We apply Corollary 2.5. Notice thaE
it
fn()="ifjLj=";
bi%2 b, 1@=1Lg= 7 ML=
0 otherwise

Then, for any J p [n] with jJj=j,
X
Ma()= Of2:2 8,11 pdg =  Of%28,:1(3)=Lg

LpJd

I
X
R =2
=1
’
N—r
I‘_
X
—
=
~—~
~—
|\_

The result thus follows from Corollary 2.5 with m = 1. O

Theorem2.3, and its subsequencorollaries,can be usedto bound the distanceto station-
arity of many di®erert Markov chainsW on G o S, for which boundson the L? distance
to uniformity for the related random walks on §; for 1 - j - n are known. Theorem 1.2
provides sudh bounds for random walks generatedby random transpositions, shaving that
%j logj stepsare sut ciert. Roussel(1999) has studied random walks on S, generatedby
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permutations with nj m xed points for m = 3;4;5;and 6. She has shavn that %n logn
stepsare both necessaryand sut ciert.

Using Theorem 1.2, the following result establishesan upper bound on both the total
variation distanceand kP ((x0;€); §i P! (9k; in the special casewhen@ isde ned by (1.1).
Analogousresults could be establishedusing boundsfor random walks generatedby random
m-cycles.When P is the uniform distribution on G, the result reducesto Theorem 1.3

Cor ollar y 2.8. Let W be the Markov chain on the completemonomialgroupG o0 S,
as in Theorem 2,3 whee ® is the prokability measure on 8, dened at (1.7). Let k =

znlogn+ 7nlog -1-j 1 + zcn. Then there existsa universal constantb> 0 suchthat

KP* ((%0;€);9i P* (Qkry - 3 kP¥((%0;6);9i P'(9k, - bé® forall c> O:

Proof. Let ® bedened by (1.1). For any setJ with jJj = j, it is clearthat we have
1ad) = (=n)® and d(J) = jkQ¥| Usks;

whereQs; is the measureon S; inducedby (1.1) and Us; is the uniform distribution on S;.

It then follows from Theorem 1.2 that there exists a universal constart a > 0 sud that

Dy(j) - 4a%e > foreahr1- j - n, whenk, 3jlogj + 3cj. Sincen, j and pmn - 172,
1

e i -1 1 . 1
this is alsotrue whenk = snlogn + znlog =i 1 + jcn.

It then follows from Corollary 2.5 with m = 2, that
kP ((%0;€);9 i P (QK%, - 7 kP ((%0;€);0 i P* (9K

. 4azei 2c 4 @l 2c = (4a2+ 1) @i 2c;

from which the desiredresult follows. O ,
Corollary 2.8 shows that k = Inlogn + %nlog pml
the L? distance, and hence also the total variation distancesto becomesmall, A lower
bound in the L2 distance can also be derived by examining n? pmi i 1 '11 % 4k, which
is the cortribution, whenj = nj 1and m = 2, to the secondsummation of (2.6) from
the proof of Corollary 2.5. In the presen cortext, the secondsummation of (2.6) is the
secondsummation in the statemert of Theorem 2.3 with 1,(J) = (jJj=n)2. Notice that

k= inlogn+ inlog pi i 1 | 3cnstepsarenecessaryor just this term to becomesmall.
min

i 1 + %cn stepsare sut ciert for

3. Mark ov Chains on (G 0 S,)=(S; £ Sy, ). We now analyzea very generalMarkov
chain on the homogeneouspace(G 0S,)=(S, £ Sy, (). It shouldbe noted that, in the results
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which follow, thereis no essetial useof the group structure on G. Sothe resultsof this section
extend simply; in general,the Markov chain of interestis on the setG" £ (S,=(S; £ Sy, ()).

3.1. A Class of Chains on (G o S,)=S; £ Sy, ). Let [n] := f1;2;:::;ng and let
[r] = f1,2:::;rgwherel - r - n=2. Recallthat the homogeneouspaceX = S =S £
Sh; r) can be identi ed with the set of all 'rr‘ subsetsof sizer from [n]. Suppose that

X = figis;:iiz;irg U [n] is sudh a subsetand that [nJnx = fj,s1;jre2;::5;jn0. Let
fi(l);i(z);":;i(k)g H X and fj(r+1) ;j(r+2);”';j(r+k)g vl [n] n x be the setswith all indices,
listed in increasingorder, sudh that r + 1 - iy - nand1- joy - rforl- ~ - Kk;in

the Bernoulli{Laplace framework, theseare the labels of the balls that are no longerin their
respective initial racks. (Notice that if all the balls are on their initial racks, then both of
thesesetsare empty.) To eat elemen x 2 X, we canthus correspnd a unique permutation

e+ 1)+ 1@) S0 (r+1) 1(k))

in S,, which is the product of k (disjoint) transpositions; when this permutation senes
to represemn an elemen of the homogeneouspaceX, we denoteit by % For example, if
X=12,4,802 X = Sg=(S3 £ Ss), then %= (1 4)(3 8). (If all of the balls are on their initial

racks, then 4= e.) Notice that any given%42 S, correspndsto a unique¥2 X ; denotethe
mapping ¥47! %by R. For example,let Ysbe the permutation that sends(1;2; 3; 4;5; 6; 7; 8)
to (8;2;4,6;7;1,5;3); then x = 18;2;4g = f2;4,8g and ¥4= R(*) = (1 4)(3 8).

We now modify the conceptof augmened permutation introducedin Section2.1 Rather
than the ordered pair of a permutation %42 S, and a subsetJ of F(¥), we now take an
augmerted pgermutation to be the ordered pair of a permutation %2 S, and a subsetJ
of F(R(¥)). In the above example,F(R(¥)) = F (¥ = 2;5;6;7g . The necessy of this
subtle di®erencewill becomeapparert when de ning @ For %= (¥J) 2 8, (de ned in
Section2.1), de ne

F® = 1(R*%;J) = 1(R(T(3);J):

Thus E(?) is the union of the set of indices derangedby R(T (%)) and the subsetJ of the
"xed points of R(T (%9).

Let @ be a probability measureon the augmened permutations 8, satisfying the aug-
merted symmetry property (2.0). Let Q be asdescrited in Section2.1

Let %;%;::: be a sequencef independernt augmerted permutations ead distributed ac-
cording to @ Thesecorrespnd uniquely to a sequence»; »;::: of permutations ead dis-
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tributed accordingto Q. De neY := (Yo; Y1; Y2;:::) to bethe Markov chainon S, =S £ Sy, )
sudh that Yo := eand Yy := R(%Yy; 1) forall k, 1.

Let P be a probability measurede ned on a nite groupG andletp; forl - i - |jGj
and pmin > 0 bedened asin Section2.1 Dene X := (Xo;X1;X5;:::) to be the Markov
chain on G" sud that Xq := %o = (A;:::;A) with A 2 Gfor 1- i - n and, at ead

stepk for k , 1, the entries of Xy; 1 whosepositionsare includedin | (%) areindependertly
changedto an elemen of G distributed accordingto P.

Dene W = (Wp;Wy;W,;:::) to be the Markov chain on (G o0 S,)=(S; £ Sy, ) sud
that Wy = (Xg;Yx) for all k , 0. Notice that the signed generalization of the classical
Bernoulli{Laplace di®usionmodel analyzedin Theorem 1.6 is a special caseof W, with P
being the uniform distribution on Z, and (9 being de ned asat (1.4).

Let P(¢ @ bethe transition matrix for W and let P! (¢ bethe stationary distribution for

W . Notice that 1\
P (6% = ¢  py
roi=1
forany (x;,4 2 (G 0 S,)=(S £ Sy, r) and that 5 3 2 3
X Y Y
P((x%; ;%) = O®m4  pdet I(x=y)5
28, R(T(HH=% i21 (% Bl (%

forany (x;%;(y;%¥ 2 (G 0 S,)=S; £ Sy, ). Thus, using the augmeried symmetry of &,
P* (6P ((x%: ;%)

" # 2 3 2 3
1Y X Y Y
= Kt P O®m4  p,5¢4  I(x =y)5
roi=l 128, R(T(HH=% i21(® 81 (%)
2 3 2 3 2 3
X 1Y Y Y Y
= OH4ie  p. kO pSet Ik =y)
28, R(T(WH=% roi2l(® gl (% i21(% 81
2 3 2 3 2 3
X 1Y Y Y Y
= M4t p, pO¢r p St Iy =x)5
228, R(T (%A= roi2im jelm j21(% 81 (%)
" # 2 3 2 3
1Y X Y Y
= K¢ py, O®m4  pSed Iy =x)5
roj=t 128, :R(T(HH=% i21 (% B1(9

P (AP (%39 (%)
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Therefore, P is reversible, which is a necessarycondition in order to apply the comparison
technique of Diaconis and Sala®-Coste(1993b).

3.2. Convergence to_ Stationarit y: Main¢ Result. For any J p [n], let X ) be the
homogeneouspaceS(J):I Suviry £ S qniry) » WhereSy9 is the subgroupof S, consisting
of those %2 S, with [n]nF(3) p J° As in Section3.1, let @ be a probability measureon
the augmerted permutations 8, satisfying the augmened symmetry property (2.0).

Let Q and Qs ,, be asdescriked in Sections2.1and 2.2 For notational purposeslet

L) = 6228 K% Jg (3.1)

Let ®, ;) be the probability measureon X ) induced (as descrited in Section 2.2 of
Sdool eld (1999b)) by Qs,,,- Also let B, ) bethe uniform measureon X ). For notational
purposes et

df((\]) = JJJ\J[Jr]J k@ X3 i @x(.])k (32)

Example.Let 8 bedened asat (1.4). Then 8 satises the augmened symmetry property
(2.0). In the Bernoulli{Laplace framework, the elemerts 8(-; fjg) and 8(-; fi; j g) leave the
balls on their current racks, but single out one or two of them, respectively; the elemen
59((;-; ;) switchestwo balls betweenthe racks. In Corollary 3.8 we will be using (9 to de ne
a Markov chain on (G o0 S,)=(S; £ S, ;) which is a generalization of the Markov chain
analyzedin Theorem1.6.

It is also easyto verify that @S(J) is the probability measurede ned at (1.4), but with
[r] and [n] n[r] changedto J\ [r] and J \ ([n] n[r]), respectively. Thus, roughly put, our
generalizationof the Markov chain analyzedln 'Qgheorem 1.6, conditionally restricted to the
indicesin J, givesa Markov chain on GoS(J) = Suvip £ Sy ey \as i J were the
only indices

The following result establishesan upper bound on the total variation distanceby deriving
an exact formula for kP* ((%0;€); 9 ;| P! (Qk3.
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Theorem 3.3. Let W be the Markov chain on the hom@gen®us space
(G 0S,)=(S £ Sy, ¢) de ned in Section 3.1 Then

kP ((%0;€);9i P* (9KE, - 1 kP*((%0;€):;9i P* (9K

i ¢ n s ,#
X n Y
=1 e i1 5% &Q)
4 jJi PA; n
J:Jp[n] jINI[r] igJ
x oy s #
* 3 ¢ ii 1 %)%

J:J([n] jINIr]j igJ

whete -, (J) and dc(J) are de ned at (3.1) and (3.2), respctively.

k
Proof. Foreah k ., 1, let Hc :=  B(») u [n]. For any given w = (%% 2
N A
(G 0 S)=S £ Sy, 1), let A p [n] be the set of indices sud that x; 6 A, wherex; is
the ith ertry of x and A is the ith ertry of %o, and let B = [n] nF (%) be the set of indices
derangedby % Notice that H, 1 A[ B.
The proof continuesexactly asin the proof of Theorem2.3to determinethat

X . A4
P(Wi = (x;%) = (i DY@ P(Ye= % Hen 3)  [Li laga()i pol:
J:BuJu[n] i=1
In particular, when (x;% = (xo;€), wehave A= ; = B and

X . Y
P(Wk = (%0, ) = (i D7)  P(Y = ej Hk 1 i L@ pal

J:Ju[n] i=1
n # 3
A4 X ) _ Y
= PA () P(Yc=ejHcpu Jd) i. 1:
i=1 J:Ju[n] igJ
\k'n 0
Notice that fH, u Jg= F>)pu J forany k andJ. SoL ((Yo;Yi;:::; Yk jHep J))is

=1
the law of a Markov chain on S,=(S; £ S, ;) (through step k) with step distribution Qy ().
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Thus, using the reversibility of P and 'gh(et symmetry of Qy ),
I n

kP ((%0;8);9 i P (k3 = QHTPZk((Xo;a;(xo:e))i 1

i=1 MA
1‘|’ n , #
— IJn X Y ’ 1 . 1. 2k — H .
= ; EI 1 n(J) P(YZk = €] H o 9 J) i 1
JJu[n] i8J
unﬂ x nY 5 ; # n 1 #
= i ii 1 J'-‘n(J)Zk k@ukxu) i @X(J)k%'l' 1T¢ i 1
JJu[n] i8d JIVIr]
1‘|’ n , # ,
— “n X A ’ 1 . 1. 2k . 1 ’ .
= i1 n(D)T ¢ &@)+1 1
JJun] i8J JINri
X i ¢ "Y 3 L H#
J:Ju[n] jINI[r]j igJ
« TR L #
r

. 1 . 2k.
+ 1T¢ i 1 %)
JJ([n] \IrY i8d
from which the desiredresult follows. O

3.3. Corollaries. We now establishseweral corollariesto our main result.

Cor ollar y 3.4. Let W be the Markov chain on the hom@en®us space

(G 0S,)XS £ Sy;r)asin Theorem3.3 ForO0- j - n, let
n o]

MaG) = maxf,(3) :jdj=jg and By(j) = max () :jJj=]

Also let
n 0 n 0

B(n;k):=max By(j):0- j - n =max d(J):J u [n]
Then
kP ((%0:8);9i P* (9K, - LkP*((x0;€)i ;P (9K
xrmrl-lﬂll . ﬂin¢3 ,ni i+
r n..r ﬁﬂ; L (J)Mn(j)ZK

J Pmin
i=0 j=0 i

7 B(n;k)

i ¢
lxr mrurﬂuni I’ﬂll? 3
T g Tt

i=0 j=0

TniGe) .
L1 RG>
1
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whete the last sum must be madi ed to excludethe term for i = r andj = nj r.

Pr oof. The proof is analogousto that of Corollary 2.4. O

Cor ollar y 3.5. In addition to the assumptionsof Theorem 3.3 and Corollary 3.4,
supm@se that thege exists m > -0 such that Mn(j) - (=™ for al0- j - n.Letk
s=n logn + log p%l 1 +c .Then

3 -
1=2

kP ((%0;€);9;P* (Qkrv - L KkP*((%0;€):;9i P (k. - 2 B(mk) + €°
Pr oof. It follows from Corollary 3.4 that
kP“((x0;€);9i P (9k5y, - FKP*((x0:®:9i P* (k3
- ¢ , 1-[
x xrM fw T i¢%s i(-+-)U- .1l 2km
i=0 j=0 | ] i " n (3.6)
. ¢ , 1-[
Xt NrHrﬂUn_ I‘ﬂ Ih™ 3 n.(i+j)lli+. 2km
1 i . 1. ' J )
+ 4 | J 1%¢ Pmin I 1 n !
i=0 j=0 i

where the last sum must be modi ed to excludethe term fori = r andj = nj r. Notice
that
i ¢
Iilr‘ﬂllni r‘ﬂ l? _ - ‘ﬂuni (i + j)‘ﬂ.
[ j "*il i+ rii '
Thus if we put j°= i+ j and changethe order of summation we have (enacting now the
required modi cation)

+

kP* ((%0;€);9; P (9KGy, - S KP*((x0;€);9i P* (9k5
Xn Un'ﬂ3 ’n.jU-'ﬂzkm g ) B |
1 } 1. ! I} nij
4§(n’k)'_ J Prin | 1 n o . rij [
j=0 i="_(ri (ni j))
lmlun‘ﬂs . 'mjujﬂka NG ) Uni jﬂ_

4 J Pmin I 1 ﬁ

. ri i
j=0 i="_(ri (njij) :
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NGET) ¢ _
Of course 'rr‘: b 20 1f wethenleti = nj j, the upper bound becomes
i="_(ri (ni j))
kP ((x0;€);9 i P* (9K}, - 3 KkP“((x0;€);9i P* (9K

Xn _U s

n i -Gy
iB(nk)y 2 : s 11 'ﬁzm
i=0
X -unﬂ3 i -¢2km
+ %1 2I | Pmin i 1I Iﬁ
i=1
X o4 @ N X1 2 P
IB(mk) =(@2n)' 251 e2mn 4+ 1 Z@2n) L 1 kMM
|! Pmin 4 |! Pmin
i=0 . . i=1
3 3
Notice that if k, =n logn + log pmi. 1 +c ,then
2 3,
g2kmn | 43 €° . 5.
pr:-in i 1n
from which it follows that
kKP“((x0;€);9i P (9K - kP ((x0;€);9i P! (9K
X1 & Xo1i_ ¢
1 . jc! 1 - jc!
"_"g(n’k)_oﬁ 2€ 4.1” 2e
1= 1=

i .0 : i . .¢
- 2B(nk)exp 26 ¢ + e exp 2¢ ° :

Sincec > 0, we have exp(2¢e ©) < €. Therefore
3

KP*((%0:8):9 i P (QK&, - L1KkP*((x0;€;9i P*(9k3 - 4 B(nk) + &° ;

from which the desiredresult follows. O

Cor ollar y 3.7. In addition to the assumptionsof Theorem 3.3 and Corollary 3.4, sup-
posethat a setwith the distribution of B(%) when¥shasdistribution ® can be constructed by rst
chmsingasetsize0< * - n according to a prokability massfuncgion f , (¢ anegthencheosinga
setL with jLj = * uniformly amongall suchchoices.Letk %n logn + log pmi i 1 +c.
Then

3 -

KP*((%0;8);9i P' (Qkrv - 3 kP ((%0;6;9) P'(9k, - 2 B(nk) + €°

1=2



24 J. FILL AND C. SCHOOLFIELD

Pr oof.  The proof is analogousto that of Corollary 2.7. O

Theorem 3.3, and its subsequetncorollaries,can be usedto bound the distanceto station-
arity of many di®erert Markov chainsW on (G 0S,)=(S; £ S;, () for which boundson the
L2 distanceto uniformity for the related Markov chainson Si.j=(S £ ;) for0- i - r and
0- j - nj r areknown. As an example,the following result establishesan upper bound on
both the total variation distanceand kP ((x0;€): 9 i P! (9k; in the special casewhen@ IS
de nedby (1.4). This corollary actually ts the framework of Corollary 3.7, but the result is
better than that which would have beendeterminedby merely applying Corollary 3.7. When
G = Z, and P is the uniform distribution on G, the result reducesto Theorem1.6.

Cor ollar y 3.8. Let W be the Markov chain on the homa@ene®us smce
(G o0 S)AS £ S, ) asip Theorem 3.3 whee 8 is the prokability measure on 8,
de ned at (1.4). Let k = Zn logn + log pmin. 1 + c . Then there exists a universal
constantb> 0 suchthat

kP“((%0;8);9i P* (Okrv - 2 kP*((%0;6);9i P'(9k, - be°? forallc> 0:

Pr oof.  The proofis analogousgo that of Cg)rollary 28 O

Corollary 3.8 shavs that k = zn logn+log -1-j 1 +c stepsare sutcient for the

L2 distance, and hencealso the total variation distancesto becomesmall, A lower bound

in the L2 distance can also be derived by examining 2n pmi i 1 I11 1 *_which is the

cortribution, wheni+j = nj 1and m = 2, to the secondsummation of (3.6) from
the proof of Corollary 3.5 In the presen conext, the secondsummation of (3.6) is the
secondsummation in the statemert of Theorem 3.3 with ,(J) = (jJj=n)2. Notice that

k= %n logn+1log —2-j 1 j c stepsarenecessaryor just this term to becomesmall.

Pmin
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