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ABSTRACT

Using Fourier analysis, we prove that the limiting distribution of the standardized random
number of comparisonsusedby Quicksort to sort an array of n numbershasan everywherepos-
itiv e and in"nitely di®erertiable density f , and that ead derivative f () enjoys superpolynomial
decay at § 1 . In particular, ead f ) is bounded. Our method is sut ciertly computational to
prove, for example,that f is boundedby 16.
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1 Intro duction and summary

The Quicksort algorithm of Hoare [7] is \one of the fastest, the best-known, the most
generalized,the most completely analyzed, and the most widely used algorithms for
sorting an array of numbers' [2]. Quicksort is the standard sorting procedurein Unix
systems,and Philipp e Flajolet, a leaderin the eld of analysis of algorithms, has noted
that it is among \some of the most basic algorithms|the onesthat do desene deep
investigation" [4]. Our goalin this introductory sectionis to review brie°y someof what
is known about the analysis of Quicksort and to summarize how this paper advances
that analysis.

The Quicksort algorithm for sorting an array of n numbers is extremely simple to
describe. If n = 0 or n = 1, there is nothing to do. If n, 2, pick a number uniformly
at random from the given array. Compare the other numbers to it to partition the
remaining numbers into two subarrays. Then recursively invoke Quicksort on ead of
the two subarrays.

Let X,, denote the (random) number of comparisonsrequired (so that Xy = 0).
Then X, satis es the distributional recurrencerelation

L
Xn=Xuyy1+ Xqu, v ni L n, 1

where £ denotesequality in law (i.e., in distribution), and where, on the right, U, is
distributed uniformly on the setf1;:::;ng, Xjué Xj, and
Un; Xojiii; Xng 13 Xgiiiis X1

are all independert.
As is well known and quite easily established,for n ; 0 we have

1o =EXp=2(n+ DHpj 4n» 2ninn;

P g . . .
whereH, ;= p_, ki is the nth harmonic number and » denotesasymptotic equiva-
lence. It is alsoroutine to compute explic'ﬁly the standard deviation of X, (seeExercise

6.2.2-8in [9]), which turns out to be» n 7§ 3%2.
Consider the standardized variate

Yo = (Xni ta)=n, n, L

R®gnier [11] shoved using martingale argumerts that Y, ! Y in distribution, with Y
satisfying the distributional identity

(1.1) YLEUY + (@) U)Z+ g(U) = hyz(U);
where

(1.2) g(u) := 2ulnu+ 2(1j u)In(1j u)+ 1,



and where, on the right of Loin (1.1), U, Y, and Z are independert, with Z Ly and
U » unif(0; 1). Résler[12] shavedthat (1.1) characterizesthe limiting law L(Y), in the
precisesensethat F := L(Y) is the unique xed point of the operator

G=L(V)7!SG:= L(UV + (1 U)V"+ g(U))
(in what should now be obvious notation) subject to
EV = 0; VarV < 1 :

Thusit is clearthat fundamental (asymptotic) probabilistic understanding of Quick-
sort 's behavior relies on fundamenal understanding of the limiting distribution F. In
this regard, Résler [12] showed that

(1.3) the momert generating function (mgf) of Y is everywhere nite,

and Hennequin[5] [6] and Résler shoved how all the momerts of Y can be pumped out
one at a time, though there is no known expressionfor the mgf nor for the generalpth
momert in terms of p. Tan and Hadjicostas[15] proved that F hasa density f which is
almost everywherepositive, but their proof doesnot even shon whether f is cortinuous.

The main goal of this paper is to prove that F has a density f which is in nitely
di®erettiable, and that ead derivative f (V) (y) decays asy ! §1 more rapidly than
any power of jyji 1: this is our main Theorem3.1. In particular, it followsthat ead f ()
is bounded (cf. Theorem 3.3).

Our main tool will be Fourier analysis. We begin in Section 2 by showing (see
Theorem 2.9) that the characteristic function A for F has rapidly decaing derivatives
of every order. Standard argumerts reviewed brie°y at the outset of Section 3 then
immediately carry this result over from A to f. Finally, in Section 4 we will use the
boundednessand cortinuity of f to establish an integral equation for f (Theorem 4.1).
As a corollary, f is everywhere positive (Corollary 4.2).

Remark 1.1. (a) Our method is sutciently computational that we will prove, for
example, that f is bounded by 16. This is not sharp numerically, as Figure 4 of [15]
strongly suggestghat the maximum value of f is about 2=3. Howewer, in future work we
will rigorously justify (and discusshow to obtain bounds on the error in) the numerical
computations used to obtain that gure, and the rather crude bounds on f and its
derivatives obtained in the presen paper are neededas a starting point for that more
re ned work.

(b) Very little is known rigorously about f . For example,the gure discussedn (a)
indicates that f is unimodal. Can this be proved? Is f in fact strongly unimodal (i.e.,
log-concare)? What can one say about changesof signsfor the derivativesof f ?

(c) Knessland Szpanlowski [8] purport to prove very sharp estimates of the rates
of decay of f (y) asy! 1 andasy! 1 . Roughly put, they assertthat the left tail
of f decays doubly exponertially (lik e the tail of an extreme-value density) and that the
right tail decays exponertially. But their results rely on seweral unproven assumptions
(as noted in their paper). Among these,for example, is their assumption (59) that

Ee-"»exp(® In, + , +°In,+4) as, ! 1



for someconstarts ®> 0); ;°;+ (Having assumedthis, they derive the valuesof ®, °,
and * exactly, and the value of = numerically.)

2 Bounds on the limiting Quic ksort characteristic function

We will in this section prove the following result on superpolynomial decay of the char-
acteristic function of the limit variable Y.

Theorem 2.1. For everyreal p, O thereis a smallest constant 0< ¢, < 1 suchthat
the characteristic function A(t) :© E€Y satis es

(2.1) JA(D)] - coitji P for all t 2 R,

These best possible constants ¢, satisfy co = 1, ¢1—» © 2, C3=4 - P 8Y, ¢1 - 4Y4 Czp <
187, ¢5-» < 103215 ¢y < 197102280 and the relations

(2.2) P G 0<pr- p
(2.3) 1 - 2 Pppi 1), p> 1
(2.4) o 276 p> O

[The numerical bounds are not sharp (except in the trivial caseof ¢p); they are the
best that we can get without too much work, but we expect that substartial improve-
merts are possible.]

Proof. The basic approad is to usethe fundamertal relation (1.1). We will “rst shaw,
using a method of van der Corput [1, 10], that the characteristic function of hy.,(U) is
bounded by 2jtji 172 for ead y;z. Mixing, this yields Theorem 2.1 for p = 1=2. Then
we will use another consequencef (1.1), namely, the functional equation

z 1
(2.5) A@t) = Aut) AL ut)e9Wdu; t2R;
u=0
or rather its consequence
Z 1
(2.6) JA(L)] - ojA(ut)J' JA(L i u)t)j du;
u=

and obtain successie improvemerts in the exponert p.

We givethe details asa seriesof lemmas,beginningwith a standard calculusestimate
[10]. Note that it sutces to considert > 0 in the proofs becauseA(j t) = A(t) and thus
jA(i t)j = jA(t)j. Note alsothat the bestconstarts satisfy ¢, = sup o tPjA(t)j (although
we do not know in advance of proving Theorem 2.1 that these are nite), and thus
G P = sups o tjA(t)j%P, which clearly satis es (2.2) becausgA(t)j - 1.

Lemma 2.2. Supmsethat a function h is twice continuously di®emrentiable on an open
interval (a;b) with

hqx), ¢>0 and h%x), 0 for x 2 (a;b).



Then Z, —

— . — 2

- dhgx— = forallt> 0.
x=a ct
Proof. By consideringsubintervals (a+ "; bj ") and letting " ! 0, we may without loss
of generality assumethat h is de ned and twice di®eretiable at the endpoints, too.
Then, using integration by parts, we calculate

z zZ, - ,
b oth () gy = 1 b ﬂeith x) dXx
x=a it gx=a dx hqx) 9
< D Z U ﬂ:
_ 1T T hwyg L
it : hqx) ea  x=a hqx) ;
So
Zy _ Yol T z,-u 1= 3%
— glth (X) gx— } _l + —l + - —1 —dx
x=a t hqb  hqa) x=a  hqX) .
Gl 1 Zp o W 1L A
e id —— dx
Uy hq(b) hO(a)ﬂ ea ' h%x%%
T R SN
"t hqb h%a) hqa) ' hqb)
2 2
T thqa) ct’ =

Lemma 2.3. For any real numkers y and z, the random variable hy.;(U) dened by
(1.1) satises

jEeith y;z(U)j . 2]t]| 122:

Proof. We will apply Lemma 2.2, taking h to be hy.,. Obsere that

H l
1 1 2
®(n- o _ _
hy;z(u)_ 2 U + 1i u Ul u)° 8 foru2 (0;1)

and that

h).,(u)y=0 ifandonly if u= ®,; = ¢ 2 (0;1):

1+exp 3(yi 2)
Lett> Oand® > 0. If in Lemma2.2wetakea:= ®.,+ °ti 2 and b:= 1, and assume
that a < b, then note
Z u
hqu) = h9.,(u) = hP,(x)dx, 8(ui ®;), 8t 2 forall u2 (a;h).
®

So, by Lemma 2.2, B
-z L —
— i - 2 1o 1 . .
— elthy;z(u) du=- Zr8°ti 1=27i 1 _ i 1—2:
Yeu )t

U= @y + ot 122



Trivially ,

Z oti 1=2 -
- ®: eithy;z(u) du=- oti 122;
u=8y;;
so we can conclude B B
Z, -
- eithy;z(u) du=- [(40)] l+ o]ti 1:2:
u=@y;;

This result is trivially also true whena = ®,, + °ti 12 b= 1; soit holds for all
t;° > 0. The optimal choice of ° hereis °qp = 1=2, which yields
Z, -
- etz gy=. ti®  forallt> 0
u=@y;z

Similarly, for example by consideringu 7! h(1j u),
Lo -
- gtz qu— ti12  forallt> 0
0

and we concludethat the lemma holds for all t > 0, and thus for all real t. 0
Lemma 2.4. For any real t, jA(t)j - 2jtji 172

Proof. Lemma 2.3 shows that

3 —

:E gth vz (V) :y;z . 2t 1=2

and thus - - — 3 - - =
jA('[)] = EethvzU)—. EE thvzU) Yz T % 1=2. 0

The preceding lemma is the casep = 1=2 of Theorem 2.1. We now improve the
exponert.
Lemma 2.5. LetO< p< 1. Then

£ D
Cop - ilip Cg
i 2 ™
Proof. By (2.6) and the de nition of c,
z 1 z 1
JA); - coiut' Pi(Li u)tji Pdu= Gt ® uiP(1i u)i Pdu;
u=0 u=0

and the result follows by evaluating the beta integral. O



In particular, recalling j(1 =2) = P Y, Lemmas 2.4 and 2.5 yield

P 77}
2.7 At)] - —:
(2.7) JA()] i
This proves (2.1) for p = 1, with ¢; - 4% and thus by (2.2) for every p - 1 with
Cp - (4%)P; applying Lemma 2.5 again, we obtain the niteness of ¢, in (2.1) for all
p < 2. Somewhatbetter numerical bounds are obtained for 1=2 < p < 1 by taking a
geometric averagebetweenthe casesp = 1=2 and p = 1: the inequality

JAD] - (2t 172)21 (4141 1201 L= 920120 i P g5

shows that ¢, - 2%P%#Pi 1, 1=2 . p. 1. In particular, we have cz=4 - p8_1/4 and thus,
by Lemma 2.5, c3-, - 8472 j(1 =4) “ < 1864 < 187.
Lemma 2.6. Letp> 1. Then

Cpr1- 22 Pp=(pj 1):

Proof. Assumethat t | 2c, ". Then, again using (2.6),

oz w1 w
jA()j - » min W;l min m;l du
Z chPyi 1 Z 1 P 1
2 smctoy s U ;Cgu)tZ]p
. 2 i Cr1)+(1 =p) c% Z 1= du

al | + 2— [
1j &Pt P ST N V¢ N Y))

du

Z 1=2
g o), 2 G Ui P du

@ i (1:2)”7'0 u=cp Ptil ¥,
’ i 74
2p+l C1+(l :p)ti (p+1) + icztl 2p Clzpti L (pi 1)
’ pi 1° P
> pi 1

We have derived the desiredbound for all t | Zc,%:p. But also,forall 0< t < Zcézp, we

have D D
2p+l Cl+ (1=p) —ti (p+1) L 1 A t 1
p p i 1 5 p i 5 5 J ( )J
sothe estimate holds for all t > 0. O
Lemma 2.6 completesthe proof of niteness of every ¢, in (2.1) (by induction), and

of the estimate (2.3). The bound for c;-, obtained above now shaws (using Maple) that
Cs-» < 103215 which then givesc;—, < 197102280



We can rewrite (2.3) as
3 ’ 3

1=(p+1) ] 1 1=(p+D) i
Corp - 2¢5P 1+ T - 2c,Pexp

. ;

_ 1 1
= 2cPex i ;
@ P 2mi ' 20+ 1)

Hence, by induction, if p= n+ % for a nonnegative integer n, then

-
(Pi D(p+ 1)

1= n ~2=5 _(1=3)+(1 =5) _ .
Cp p. 2 C5:2e( )+( ) = Czp,

where C := 2i 5=2e8:15c§:§ < 30:6 < 25, using the above estimate of cs—,. Consequetly,

cé:p < 2P*> whenp=n+ g For generalp > 3=2 we now use (2.2) with p; = p and

p2= dpi e+ 3, obtaining ¢ P < 2P*5 < 2P*6; the casep - 3=2 follows from (2.2)
and the estimate C;:z < 33 < 25, This completesthe proof of (2.4) and hence of
Theorem 2.1 O

Remark 2.7. Weused(1.1) in two di®erert ways. In the rst step we conditioned on
the valuesof Y and Z, while in the inductiv e stepswe conditioned on U.

Remark 2.8. A variety of other bounds are possible. For example, if we begin with
the inequality (2.7), use(2.6), and proceedjust asin the proof of Lemma 2.6, we can
easily derive the following result in the caset , 8%

3 3 4 -
AP 7.7 3 t 32/ZInt _
The result is trivial for 1.72 - t < 8% sincethen the bounds exceedunity.

SinceY has nite momerts of all orders [recall (1.3)], the characteristic function A
is in nitely di®ereniable. Theorem 2.1 implies a rapid decreaseof all derivatives,too.

Theorem 2.9. For eachreal p, 0andintegerk , O, thereis a constant ¢, suchthat
JAR ()] - couijtji P for all t 2 R.

Proof. The casek = 0 is Theorem 2.1, and the casep = 0 follows by jA®)(t)j - EjYjX.
The remaining casedollows from thesecasedy induction on k and the following calculus
lemma. O

Lemma 2.10. Suppsethat g is a complex-valuel function on (0;1 ) andthat A; B;p >
0 are suchthat jg(t)j - Ati P and jgt)j - B for all t > 0. Then jg{t)j - 2 ABti P2,

Proof. Fix t > 0 and let p= arg(gt)). For s> t,

Re(e "g¥s)) . Re(el Mgt) i jo¥s)i gAv)i. ig\)ii B(si t)



and thus, integrating from t to t; := t + (jgYt)j=B),
L ¢ ‘uj ¢
Re e M(g(t1) i g(t)) . jgttji B(si t) ds
t
= (t1i DG 3B(ti BZ = jgni*=2B):

Consequetly,
jg(t)i*=(2B) - jo(t)j + jo(ts)j - 2At1P;
and the result follows. O

In other words, the characteristic function A belongsto the classS of in™ nitely dif-
ferertiable functions that, together with all derivatives,decreasemore rapidly than any
power. (This is the important classof test functions for tempered distributions, intro-
duced by Schwartz [14]; it is often called the classof rapidly decreasing C! functions.)

3 The limiting Quicksort density f and its deriv ativ es

We can now improve the result by Tan and Hadjicostas [15] on existenceof a density f
for Y. It is an immediate consequenceof Theorem 2.1, with p = 0 and p = 2, sa,
that the characteristic function A is integrable over the real line. It is well-known|see,
e.g, [3, Theorem XV.3.3]|that this implies that Y hasa bounded cortin uousdensity f
given by the Fourier inversion formula
(3.1) f(x)—iZl e ™ A(t)dt; x 2 R:

' e ’ '
Moreover, using Theorem 2.1 with p = k + 2, we seethat t“A(t) is also integrable for
ead integer k , 0, which by a standard argumert (cf. [3, Section XV.4]) shaws that f
is in nitely smooth, with a kth derivative (k , 0) given by

Z 1
(3.2) f (x) = 1 (i it)<e ™ Agt) dt; X 2 R:
2]/4 t= il
It follows further that the derivativesare bounded, with
Z 1
(3.3) supjf ®(x)j - z it jAidt - (k, O);
X 2]/4 t=i1

and these bounds in turn can be estimated using Theorem 2.1. Moreover, as is well
known [14], [13, Theorem 7.4], an extension of this argumernt shows that the class S
discussedat the end of Section 2 is presened by the Fourier transform, and thus The-
orem 2.9 implies that f 2 S:

Theorem 3.1. The Quicksort limiting distribution hasan in nitely di®erentiable den-
sity function f. For eachreal p, 0 and integerk , O, there is a constant Cx such
that

it ©Ox)j - Coxixji P forall x 2 R. O



For numerical boundson f , we can use(3.3) with k = 0 and Theorem 2.1 for seeral
di®eren p (in di®eren intervals); for example,using p = 0, 1=2, 1, 3=2, 5=2, 7=2, and
taking t; = 4, to = 4Y%, t3 = (187=(4Y))?, t4 = 103215187, t5 = 197102288103215

Z 1 1 YA 1
- jA(t)jdt = = jA(t)j dt
2l oo JA(D)] Ve o (1)]

1
= min(L; 2t 72,441 1187 321032151 572;19710228Q1 7?) dt

z z
t1 t3 ts
(3.4) =1 Tate O 22ate  awitdte 1870 %2at
/a t=0 =11 t=t, t=t3
zZ, 1

+ 1032151 572 dt + 19710228@i "2 dt
=ty t=ts

18:2:

Remark 3.2. We can do somewhatbetter by using the rst bound in (2.8) over the
interval (103:18; 1984)instead of (as above) Theorem 2.1 with p = 1, 3=2, 5=2, 7=2 over
(103:18; t3), (t3;ta), (ta;ts), (ts;1984) respectively. This gives

f(x) < 153

Similarly, (3.3) with k = 1 and the sameestimates of jA(t)j asin (3.4) yield
.f . . - . ..A . - - .A . < 1.
it o, L (Mjde= 7 HAD]dt < 36521,
which can be reducedto 24921 by proceedingas in Remark 3.2 The bound can be
further improved to 24659 by using alsop = 9=2.
Somewhat better bounds are obtained by using more values of p in the estimates
of the integrals, but the improvemenrs obtained in this way seemto be slight. We
summarizethe bounds we have obtained.

Theorem 3.3. The limiting Quicksort density function f satises maxx f (x) < 16
and maxy jf {x)j < 2466 O

The numerical bounds obtained here are far from sharp; examination of Figure 4
of [15] suggeststhat maxf < 1 and maxjf§ < 2. Our presen technique cannot hope to
produce a better bound on f than 4=%.> 1:27, since neither Lemma 2.3 nor (2.6) can
improve on the bound jA(t)j - 1 for jtj - 4. Furthe,;\, no technique basedon (3.3) can
hope to do better than the actual value of (2% * tlzi 1 JA(t)j dt, which from cursory
examination of Figure 6 of [15] appearsto be about 2.

4 An integral equation for the density f

Our estimatesare readily usedto justify rigorously the following functional equation.
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Theorem 4.1. The continuous limiting Quicksort density f satis es (pointwise) the
integral equation

Z, Z Mo . . 1

f(x) = fyf guwi 1wy 1

u=0 y2R u u

dy du; X2 R;

where g(9 is asin (1.2).
Proof. For each u with 0 < u < 1, the random variable
(4.1 uY + (1 u)Z + g(u)

[with notation asin (1.1)] hasthe density function
Z M

(4.2) fu(x) = f(2)f
z2R

XigWi @iwz' 1
u u -’

where the integral corvergesfor ead x since, using Theorem 3.3, the integrand is
bounded by f (z)(maxf)=u - 16f (z)=u; dominated corvergenceusing the cortinuity
of f and the samebound shows further that f is continuous.

This argumert yields the bound f,(x) - 16=u, and sincef, = f1, 4 by symmetry
in (4.1), we have f,(x) - 16=max(u;1 'Ru) - 32 This uniform bound, (1.1), and
dominated corvergenceagain imply that Olfu(x) du is a corntinuous density for Y, and
thus equalsf (x) for every x. O

It wasshawn in [15] that f is positive almost everywhere; we now can improve this
by removing the quali er \almost."

Corollary 4.2. The continuous limiting Quicksort density function is everywhee pos-
itive.

Proof. We again usethe notation (4.2) from the proof of Theorem 4.1 Fix x 2 R and
u 2 (0;1). Sincef is almost everywhere positive [15], the integrand in (4.2) is positive
almost everywhere. Therefore f,(x) > 0. Now we integrate over u 2 (0; 1) to conclude
that f (x) > O. O

Alternativ ely, Corollary 4.2 can be derived directly from Theorem 4.1, without re-
courseto [15]. Indeed, if f(yg) > 0 and ug 2 (0;1), set x = yo + 9g(yo); then the
integrand in the double integral for f (x) in Theorem 4.1 is postive for (u;y) equal to
(uo; Yo), and therefore, by continuity, also in somesmall neighborhood thereof. It fol-
lows that f (yo + g(ug)) > 0. Sinceug is arbitrary and the image of (0;1) under g is
(i 2In2j 1);1), an open interval cortaining the origin, Corollary 4.2 follows readily.

Remark 4.3. In future work, we will use argumerts similar to those of this paper,
together with other argumernts, to shav that when one appliesthe method of successie
substitutions to the integral equation in Theorem 4.1, the iterates enjoy exponertial-
rate uniform corvergenceto f . This will settle an issueraisedin the third paragraph of
Section 3 in [15].
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