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ABSTRACT

The limiting distribution * of the normalized number of key comparisonsrequired by the
Quicksort sorting algorithm is known to be the unique xed point of a certain distributional
transformation T|unique, that is, subject to the constraints of zero mean and Tnite variance.
We show that a distribution is a xed point of T if and only if it is the corvolution of ! with a
Cauchy distribution of arbitrary certer and scale. In particular, therefore,?! is the unique xed
point of T having zero mean.
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1 Intro duction, motiv ation, and summary

Let M denotethe classof all probability measureg(distributions) on the real line. This
paper concernsthe transformation T de ned on M by letting T° be the distribution of

UZ+ (1j U)Z"+ g(U);

where U, Z, and Z° are independert, with Z » °, Z® » °, and U » unif(0;1), and
where

(1.2) g(u) = 2ulnu+ 2(1; win(lj u)+ 1L

Of course, T can be regarded as a transformation on the classof characteristic func-
tions A of elemers of M . With this interpretation, T takesthe form
Z,

At A(@i ut)d9MWdu; t2R:
=0

u=

o £ - o
(TA)(1) = E A(UYA(Li U)) explitg(V)] =

It is well known [7] that (i) amongdistributions with zeromeanand nite variance,
T hasa unique xed point, call it *; and (ii) if C,, denotesthe random number of key
comparisonsrequired by the algorithm Quicksort to sort a Te of n records, then the
distribution of (C, j ECp)=n corvergesweakly to 1.

There are other xed points. For example, it has been noted frequertly in the
literature that the location family generatedby ! is a family of xed points. But there
are many more xed points, aswe now describe. De ne the Cauchy(m; %) distribution
(wherem 2 R and %, 0) to be the distribution of m + ¥C, where C hasthe standard
Caudhy distribution with density x 7! [“41+ x?)]i 1, x 2 R; equivalently, Cauchy(m; %)
is the distribution with characteristic function €™t % [In particular, the Cauchy(m; 0)
distribution is unit massat m.] Now let F denote the classof all xed points of T,
and let C denote the class of convolutions of * with a Caudy distribution. Using
characteristic functions it is easyto ched that Cu F, and that all of the distributions
in C are distinct. In this paper we will prove that, corversely F p C, and thereby
establish the following main result.

Theorem 1.1. The class F equals C. That is, a measure ° is a fized point of the
Quicksort transformation T if and only if it is the convolution of the limiting Quicksort
measure * with a Cauchy distribution of arbitrary center m and scale ¥4 In particular,
F is in one-to-one correspondence with the set f(m; %) :m 2 R; %, 0g.

The following corollary is immediate and strengthens Réslers [7] characterization
of 1 asthe unique elemen of F having zero meanand nite variance.

Corollary 1.2. The limiting Quicksort measure * is the unique fized point of the
Quicksort transformation T having finite expectation equal to 0. ]

The presert paper can be motivated in two ways. First, the authors are writing a
seriesof papers re ning and extending Résler's [7] probabilistic analysis of Quicksort .
No closed-formexpressionsare known for any of the standard functionals (e.g., charac-
teristic function, distribution function, density function) assaiated with * ; information



to be obtained about * must be read from the xed-point identity it satis es. We were
curious asto what extent additional known information about !, such asthe fact that it
hasewerywhere nite momert generating function, must be brought to bear. As oneex-
ample, it is believed that the continuous Lebesguedensity f (treated in [3]) for ! decays
at least exponertially quickly to O at 81 , cf. [5]. But we now know from Theorem 1.1
that there can be no proof for this conjecture that solely makesuse of the information
that 1 2 F.

Second, we view the presert paper as a pilot study of xed points for a class of
distributional transformations on the line. In the more general setting, we would be
given (the joint distribution of) a sequenceA; : i, 0) of random variableslgmd would
de ne a transformation T on M by letting T° be the distribution of Ag + ilzlAiZi,
whereZi;Z5;::: areindependert random variableswith distribution °. [To ensurewell-
de nedness,onemight (for example)require that (almost surely) Aj 6 0 for only nitely
many valuesof i.] For probability measures® on [0;1 ), rather than on R, and with
the additional restrictions that Ag = Oand A; , Ofor all i , 1, sudc transformations
are called generalized smoothing transformations. These have beenthoroughly studied
by Durrett and Liggett [2], Guivarc'h [4], and Liu [6], and by other authors; consult
the three papers we have cited here for further bibliographic references. Generalized
smoothing transformations have applications to interacting particle systems,branching
processesand branching random walk, random set constructions, and statistical turbu-
lencetheory. The argumerts usedto characterize the set of xed points for generalized
smoothing transformations make heavy useof Laplace transforms; unfortunately, these
argumerts do not carry over readily to distributions on the line. Other authors (see,
e.g.,[8] [9] [10]) have treated xed points of transformations of measures® on the whole
line as discussedabove, but not without nitenessconditions on the momerts of °.

We now outline our proof of Theorem 1.1. Let A be the characteristic function of
agiven® 2 F, and let r(t) := A(t)j 1,t 2 R. In Section 2 we establish and solve
(in a certain sense)an integral equation satised by r. In Section 3 we then use the
method of successie substitutions to derive asymptotic information about r(t) ast #0,
shawing rst that r(t) = O(t%®), next that r(t) = “t + o(t) for some™ = j %+ im2 C
with %, 0, and "nally that r(t) = “t+ O(t?) . In Section4 we usethis information to
argue that there exist random variablesZ; » °, Z, » 1, and C » Cauchy(m; %) such
that Z, = Z, + C. We nish the proof by shawing that one cantake Z, and C to be
independert, whence® 2 C.

Remark 1.3. Neither the proof in [7] of uniqguenessof the xed point * among distri-
butions with zero mean and nite variance nor any of the proofs in the presen paper
rely on any properties of the function g beyond zero meanand nite variance.

2 An integral equation

Let A denotethe characteristic function of a given® 2 F. SinceA(j t) ~ A(t), we shall
only needto considerA(t) for t , 0. For notational corvenience,de ne

r(t) := A(t)j 1, t, O
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Rearranging the xed-p oint integral equation (TA)(t) ~ A(t), we obtain the following
result.

Lemma 2.1. The function r satisfies the integral equation
Z
1

rit)y =2 r(ut)du+ b(t); t, O
u=0
where
Z, Z,
(2.1) Dbt) := r(ut) r((1i u)t)du+ it [A(u) A((L i u)t)j 1]g(u)du+ a(t)
u=0 u=0
with
(2-2) z, -
a(t) = AU A(@i wt)[e9W 1j itg(u)du— SEQU)2= (Li A2
u=0

O

Note that r and b are continuouson [0;1 ), with r(0) = 0= b0). Regarding b as
\known", the integral equation in Lemma 2.1 is easily \solved" for r:

Prop osition 2.2. For some constant ¢2 C, we have

Proof. Setting h(t) := t[r(t) i b(t)], Lemma 2.1 implies

Z4 " h(v)
v

v=0

h(t) = 2 + b(v)’ dv; t> 0:

Thus h is continuously di®eretiable on (0;1 ) and satis es the di®erettial equation

hYt) = 2h(t) + 20(t)

there. This is an easydi®erenial equation to solve for h, and we nd that

Z,
v
h(t) = ct? 2t? b(—z)dv; t> 0
v=t V
for somec 2 C. After rearrangemen, the proposition is proved. O

3 Behavior of r near O

We now proceedin stages,using Proposition 2.2 as our basic tool, to get ever more
information about the behavior of r (especially near 0).



Lemma 3.1. Let A~ 1+ r denote the characteristic function of a given ® 2 F. Then
there exists a constant C < 1 such that

jr(t)j - Ct¥3forallt, O.

Proof. Let
M (t) := maxfjr(s)j:0- s- tg- 2, t, O

B

From (2.1) and (2.2), we seeimmediately that, for 0< t - 1,

jot)j - M) + O(t):
Therefore, for 0 < t < 1, Proposition 2.2 yields
Z,

Z 1 2
M §V> dv+2(t) = M2() + 2 M2(t=u) du + 2(t);
v=t Vv u=t

ir@)j - M2(t) + 2t

where . C6e
2 = : 1 - 2=3
()= O tlog § + O(t) = O(t=™).
Consequetly, againfor 0< t < 1 (but then trivially for all t , 0),
Z,
M(t)- M2(t)+2  M?(t=u)du+ O(t%3):
u=0
Fix 0< a< 1; later in the proof we shall seethat a = 1=8 sutces for our purposes.
SinceM(t) ! Oast! 0, wecanchoosetyg > 0 such that M (tg) - a. Then, for
0- t- to,

z t=to YA 1
M(t) - M2(t)+2 M 2(t=u) du + 2 M 2(t=u) du + O(t%2)

u=0 u=t=to
t Z1

aM (t) + 8— + 2a M (t=u) du + O(t%™3)
to u=t=tg

and thus 7
2a 1 2=3
M(t) - —— M (t=u) du+ O(t-™):
1i a =90

SinceM is bounded, this is trivially true alsofort > tg. Summarizing, for someconstart
C < 1 we have, with U » unif(0; 1),

2 _
3.1) M (1) - %EM (t=U) + Ct23 t_ O
|
Now x the value of a to be any number in (0; 1=7), say a = 1=8. Then a straight-
forward induction [substituting (3.2) into (3.1) for the induction step] shows that for
any nonnegative integer n we have, for all t , 0,

H n H |l
2a t li a o3
2 M - —— EM :
(32) ® 1 a Up::: U, * 1i 7act

Recallingthat M is boundedand letting n! 1 , we obtain the desiredconclusion,with

— 1
c:= dzc. O



Lemma 3.2. Let A~ 1+ r denote the characteristic function of a given ® 2 F, and
define b by (2.1). Then
r(t) = (cij 2J)t+ o(t) ast #0,

where J is the absolutely convergent integral
(3.3) J = —=dv

Proof. Combining (2.1){(2.2) and Lemma 3.1, we obtain
jb(t)j - O(t*3) + O(t* @)y + O(t?) = O(t*):

Thusthe integral J convergesabsolutely, and from Proposition 2.2 we obtain the desired
conclusionabout r. O

Lemma3.2is all we will needin the next section, but the following re nement follows
readily and takesus asfar as we can go with the method of successie substitutions.

Corollary 3.3. Let A denote the characteristic function of a given © 2 F. Then there
exists a constant = imj %2 C with m 2 R and %, O such that

A(t) = 1+ "t+ O(t?) ast #0.

Proof. Combining (2.1){(2.2) and Lemma 3.2, we readily obtain b(t) = O(t?). There-
fore, by Proposition 2.2,

YA t
A)i 1=r(t)= (cj 22)t+ 2t %dv+ b(t) = "t + O(t?);
v=0
with ~ = imj %:= cj 2J. SincejA(t)j - 1 for all t, we must have %, O. O

4 Pro of of the main theorem

4.1 Further preliminaries

In Sections4.1{ 4.2 we completethe proof of our main Theorem1.1. To do this, we begin
with a key result that any characteristic function with expansionas in Corollary 3.3
[more generally, we allow the remainder term there to be simply o(t)] is in the domain
of attraction of (iterates of) the \homogeneous analogueTy of T. (Here =) denotes
weak convergenceof probability measures.)

Theorem 4.1. Let A be any characteristic function satisfying
(4.1) A(t)= 1+ t+o(t)= 1+ imt j ¥ + oft) ast #0

for some = imj %2 C, withm 2 R and %, 0. Let® be the corresponding probability

measure. Then
Ty° =) Cauchy(m;¥);

where Tg is the homogeneous analogue of the Quicksort transformation T mapping
distributions as follows (in obvious notation):

4.2) To:Z 7' UZ+ (1] U)Z™



Proof. Let Z1;Z5;:::;Up; Ug;: 11 be independert random variables, with every Z; » ©
and every U; » unif(0; 1). Then, using the de nition of Ty repeatedly,
X’ (n)
W,, = V"MZ» T n, O
i=1

where we de ne the random variables VZ.(”) as follows. Using U1 in the obvious fashion,
split the unit interval into intervals of lengths U; and 1; U;. Now using U, and Uz, split
the rst interval into subintervals of lengths U1U, and U;(1i Uz) and the secondinterval
into subintervals of lengths (1 U1)Usz and (1 U;)(1i Us). Continuein this way (using
Ug;:::; U, 1) until the unit interval hasbeendivided overall into 2 subintervals. Call

their lengths, from left to right, V{™;::: Vi,

Let L, := max(Vl(”); - ;Vz(n”)). We shaw that L,, convergesin probability to 0 as
n! 1. Luckily, the complicated dependencestructure of the variables Vi(") doesnot
comeinto play; the only obsenation we needis that that eath Vi(”) marginally hasthe

samedistribution as U; ¢¢¢U,,. Indeed, abbreviate Vl(”) asV,; brie°y put, we derive a
Cherno®'s bound for In(1=V,,) and then simply use subadditivity. To spell things out,
let x> Obe xed andlett, 0. Then

Yz
P(V,, €7)- e"EV)=¢€" EUj=€&"(1+1t) "= expj (nIn(1+1t)j xt)]:
5=1

Choosingthe optimal t = 2 j 1 (valid for n , x), this yields

P(Vn, €7) - expli (nin(n=x) i n+ x)]= expli (n(Innj In(ex)) + X)]

5

and thus
P(L,, €7%) - 2%exp[j (n(Innj In(ex)) + x)] = exp[j (n(Innj In(2ex)) + x)]! O

asn! 1.
Since L,, corvergesin probability to 0, we can therefore choose?, ! 0 so that
P(L, > 2,)! 0. To prove the theorem, it then sutces to prove

W, =1L,  2,)W, =) Caucy(m;3%:

For this, we note that the characteristic function A, of ¥, is givenfort 2 R by

3
(4.3) At)= P(La>2)+E 1L, 2) AV
i=1

We will show that A,(t) corvergesto e’ = ™! ot for ead xed t , 0, and [since,
further, A,(j t) ~ A,(t)] this will complete the proof of the lemma.

Indeed, we need only consider the secondterm in (4.3). For that, the calculus
estimatesoutlined in the proof of the lemma precedingTheorem 7.1.2in [1] demonstrate
that, whenlL,, - 2,

AVt = (1+ D,)e
=1



for complex random variables D,, (depending on our xed choice of t | 0) satisfying
iDnj - #, for a deterministic sequencet, [~ #2,t)] ! O Jwith H(s)! Oass! Q.
[Leaving out the error estimates,the argumert is

" # " ,
log ANVt v ANV o1
=1 =1
)%ﬂ
v, vit=Tt ]
=1
It now follows easilythat A,(t) ! €%, asdesired. O

Both the next lemma and its immediate corollary (Lemma 4.3) will be usedin our
proof of Theorem 1.1

Lemma 4.2. Let®; 2 F,i = 1,2. Suppose that (Z1;2Z>2) is a coupling of °1 and ®2 such
that the characteristic function of Z1i Z» satisfies (4.1). Then there exists a coupling
(Z1;Z2) of °1 and °y such that Z1 i Z2 » Cauchy(m;%).

Proof. Extend T to a transformation T, on the classM » of probability measureson R?2
by mapping the distribution »2 M , of (X;Y) to the distribution To» of

(UX + (1j U)X+ g(U); UY + (1§ U)Y"+ g(U));

where U, (X;Y), and (X7 Y") are independert, with (X;Y) » » (X% Y") » » and
U » unif(0; 1), and whereg is givenby (1.1). (Note that we usethe same uniform U for
the Ys asfor the X s!) Of course, T, maps the marginal distributions » (@ = »(¢£ R)
of X and»(@ = »(RE£ § of Y into T» and T », respectively; more importantly for our
purposes,it mapsthe distribution, call it » of X j Y into the distribution To», with To
de ned at (4.2).

Now let © 2 M » have marginals®;, i = 1;2. Then (T3°),, 1 hasconstart marginals
(°1;°2) asn varies and so is a tight sequence.We then can nd a weakly cornvergert
subsequencesay,

Tznko =) ol 2 M 2]

of course, the limit °1 again has marginals °;, i = 1;2. Moreover,

Tgbkw\: 2kO = Ccl:

But, by supposition, the characteristic function of @ satis es (4.1), so Theorem 4.1
implies that €' is Cauchy(m; %). Thus®! 2 M , suppliesthe desiredcoupling. O

Lemma 4.3. Let°; 2 F, i = 1;2. Suppose that (Z1;Z2) is a coupling of °1 and °2
such that Z1i Z» has zero mean and finite variance. Then °1 = ©5. O



4.2 The pro of

We now complete the proof of Theorem 1.1.

Proof. As discussedn Sectionl, it is simpleto chedk that Cu F (and that the elemeris
of C are all distinct).

Conversely given® 2 F,let Z; » °1:= ° andZ, » °, := 1 beindependert random
variables (on someprobability space);recall that * is the limiting Quicksort measure,
with zero mean and nite variance. Write A;, i = 1;2, for the characteristic functions
corresponding respectively to ©;, i = 1;2. By Lemma 3.2 (or seeCorollary 3.3), A;
satis es (4.1) [for some(m; 3)]. Of course,A; satis es (4.1) with ~— takento be 0, sothe
characteristic function t 7! Ai(t)Ax(j t) of Z1 | Z» satis es (4.1) for the same(m; %)
as for A;. Applying Lemma 4.2, there exists a coupling (Z1;Z>) of °; and °, such
that C .= Z7 i Z, » Caudchy(m; ¥). Without lossof generality (by building a suitable
product space),we may assumethe existenceof a random variable Y » 1 on the same
probability spaceas Z7 and Z> such that Y and C are independert.

We know that the distribution ©; of Z; = Z>+ C isa xed point of T. But sois the
distribution °?2 Cof Z := Y + C. By Lemma 4.3 applied to (Z1;2),° =°;=°92 C,
as desired. O

Ac knowledgmen t. We thank Persi Diaconis for pointing us to the literature on
the smoothing transformation.
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