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ABSTRACT

The number of comparisonsX,, usedby Quicksort to sort an array of n distinct
numbershasmean? , of order nlogn and standard deviation of order n. Using di®eren
methods, REgnierand Résleread shovedthat the normalizedvariate Y, := (Xni 1 n)=n
corvergesin distribution, say to Y; the distribution of Y can be characterized as the
unique xed point with zero mean of a certain distributional transformation.

We provide the rst rates of corvergencefor the distribution of Y, to that of Y,
using various metrics. In particular, we establish the bound 2ni 72 in the d,-metric,
and the rate O(n"i 72) for Kolmogorov{Smirnov distance, for any positive ".
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1 Intro duction and summary

This paper provides the rst rates of corvergence(as n ! 1) for the distribution of
the number of comparisonsused by the sorting algorithm Quicksort to sort an array
of n distinct numbers. Quicksort is the standard sorting procedurein Unix systems,
and has beencited [3] as one of the ten algorithms \with the greatestin®uenceon the
developmert and practice of scienceand engineeringin the 20th certury.” We begin
with a brief review of what is known about the analysis of Quicksort and a summary
of our new results.

The Quicksort algorithm for sorting an array of n distinct numbers is extremely
simple to describe. If n = 0 or n = 1, there is nothing to do. If n, 2, pick a number
uniformly at random from the givenarray. Comparethe other numbersto it to partition
the remaining numbersinto two subarrays. Then recursively invoke Quicksort on eath
of the two subarrays.

Let X, denote the (random) number of comparisonsrequired (so that Xo = 0).
Then X, satis es the distributional recurrencerelation

XnEXupi1+ Xfg, *ni L n, L (1.2)
where £ denotesequality in law (i.e., in distribution), and where, on the right, U, is
distributed uniformly onthe setfl;::: ;ng, Xj"é Xj, and

Un; XoiiiiiXnj 15 Xgiiii:Xg 1

are all independert.
As is well known and quite easily established,for n ; 0 we have

1hi=EXp=2(n+ DHpj 4n» 2ninn;

P o . . :
whereH, := = [_, ki is the nth harmonic number and » denotesasymptotic equiv-
alence. It is alsoroutine to compute explicitly the variance of X, (seeExercise6.2.2-8

in [15]):
Var X, = 7n?j 4n+ 1)’°H@P i 2(n+ 1)H, + 131 = ¥n?; 2ninn+ O(n) (1.2)

P ) . .
where Hr(]2) = Ezlk‘ 2 are the second-orderharmonic numbers and, using the stan-
dard notation = for approximate equality,

Y= 7i 2¥7= 0:4203 (1.3)
Consider the normalized variate
Yn = (Xni tn)=n; n, 1
Then (1.1) implies the recursion

éuni:L Ni Ung o

Yh Yuai1+ Yni u, T Cn(Un); n, L (1.4)




with Yo arbitrarily dened (since its coetcient is 0), where on the right, as for X,
we have U, » uniff1;::: ;ng and Yjné Yi,and Up; Y1005 Y1 Yoot ;Yn“i , are all
independert; further,

Cn(i)::ﬂﬁ'_l"'%(liil"'lniii ), 1- 0o (1.5)

Note that EY, = 0= E C,(Un). Wewill seebelowthat if n! 1 andi=n! u 2 [0;1],
then C,(i) ! C(u), where

C(u):=2ulnu+2(1;j Win(Lj u)+ 1 u2 [0;1];

with the natural (continuous) interpretation C(u) := 1 for u= 0; 1.
Moreover, R&gnier[18] and RAsler[19] showved, using di®eren methods, that Y, ! Y
in distribution, and Résler also shaved that Y satis es the distributional identity

Y £ UY+ (@i U)Y®+ C(U) (1.6)

obtained by formally taking limits in (1.4), where, on the right, U, Y, and Y" are

independen, with Y?£Y and U » unif(0; 1). [RéAsler [19] showed further that (1.6)
characterizesthe limiting law L(Y), subjectto EY = OandVar Y < 1 . Foracomplete
characterization of the distributions satisfying (1.6), see[7].]

The purpose of the presert paper is to study the rate of convergenceof L(Y,) to
L(Y), using seweral di®eren measuresof the distance betweenL(Y,) and L(Y).

First, forreal 1- p< 1, let kXkp := (E jX j*)** denote the LP-norm, and let dp
denote the metric on the spaceof all probability distributions with "nite pth absolute
momert de ned by

dp(F; G) := minkX j Ykp;

taking the minimum over all pairs of random variables X and Y (de ned on the same
probability space)with L(X) = F and L(Y) = G. We will usethe fact [1] that the
minimum is attained for ead1- p< 1 by the sameX and Y, viz., X := Fi 1(u) and
Y := Gi (u) dened for u in the probability space(0;1) (with Lebesguemeasure).

We will for simplicity write dp(X;Y) := dp(L(X);L(Y)) for random variables X
and Y, but note that this distance depends only on the marginal distributions of X
and Y.

Résler[19] shoved that do(Ys;Y)! Oasn! 1 foreveryl- p< 1. In Sections2

and 3 we will quantify this and show that
3

dp(Yn;Y)= O ni 172
for every xed p. In the casep = 2 we will further shav the explicit bound
do(Yn:;Y) < 2ni 172
The best lower bound we can shav (Section4) is

dp(Yn;Y), clnTn; p., 2



with ¢ > 0 independert of p. We do not know what the correct rate is, even for p= 2.
In an earlier draft of this paper, we conjectured the rate ni 2. Subsequen to that
draft, however, Neininger and Réschendorf [17] surprisingly showed that for another
metric, namely, the Zolotarev metric 33, the correct rate is (In n)=n. We therefore now
guessthat the rate is also (In n)=n for the metrics d,, matching our lower bound|but
proving this is a challenge.

In Section5 we usetheseresultsto bound the Kolmogorov{Smirnov distancedks(Yn;Y)
betweenL (Y,) and L(Y). We show that

3 ,

dks(Yn;Y) = O n'i 42

for every " > 0. Again we do not know the exact rate, but guessthat it is (Inn)=n, as
for the 33 metric consideredby Neininger and RAschendorf [17]. The best lower bound
we can prove is ¢c=n with ¢> 0.

In Section 6 we prove a kind of local limit theorem which enablesus to approximate
the density function f of Y. (It was proved by Tan and Hadjicostas [20] that Y hasa
density function; f is bounded and in nitely di®erettiable by [6].)

Résler [19] shoved that (for xed , 2 R) the momert generating function values
E e Y are boundedand thus cornvergeto E e Y. Again we quantify his boundsand give
in Section 7 explicit bounds, basedon Réslers method.

In seweral (but not all) boundswe give explicit numerical valuesto constans. These
valuesare hardly the best possible,but we make someeRort to get fairly small values.
This includes sometimesthe use of extensive numerical veri cations by computer for
small n. [All numerical calculations have beenveri ed independertly by the two au-
thors, the (alphabetically) rst using Mathematica and the secondusing Maple.] Suc
argumerts could be simpli ed or omitted at the cost of increasingthe constarts.

1.1 Preliminaries

In order to later estimate C,(i) de ned by (1.5) we needsomeexplicit boundson ? .
First, as mentioned above,

1,=2(n+ 1)H, i 4n; 1.7)
which can be rewritten
1h=2n+ DHpr j 40 2 (1.8)
Next we usethe bounds on the harmonic numbers (see,e.g., Section 1.2.11.2in [14])
Inn+° - Hp- Inn+°+ 5 n, 1; (1.9
where® = 0:5772is Euler's constart. Hence,for n , 1, from (1.7)
2n+ DInn+ (2°j 9n+2° - 1, 2(n+ DInn+ (2°§ 4n+ 2° + % (2.10)
and from (1.8)
2ninn+ (2°j 4n+2- 1n1- 2ninn+ (2°§ 4)n+ 3 (1.11)



2 Bounding dx(Yn;Y)

In this section we prove the following explicit estimate for d(Yn;Y).

p

Theorem 2.1. Foralln, 1, dx(Yn;Y)< 2= n.

Proof. We basically follow the method of Résler[19], making all estimatesexplicit. We
study in this paper only properties of the univariate distributions of Y,,. We thus take
the liberty of letting Y, denote any random variable with the appropriate distribution
[Yn L (Xni *n)=n]. We then may choose Yp; Y1;::: dened on the same probability
spaceas Y and sud that

KYni Yko = da(Yn;Y); n, O

5

Further, let (Y®; Yy, Y7 :::) be an independert copy of (Y;Yo;Y1;:::) and let U »
unif(0; 1) be independen of everything else. For corveniencewe write a, := da(Yn;Y).
Obsene, by (1.4), that

v, Ly, = _d”U:‘ e 1+ D dnUe g”ueyn“id e+ Ca(cnUe) 2.1)
and recall from (1.6) that
YEv¥ = UY+(Li U)Y"+ C(U): 2.2)
Therefore,
a; = d3(Yn;Y) - EjYai Yi% (2.3)
Now
S Hdnur?i 1deu‘ai . UYﬂ .\ M :nueYn‘?d i U)Y“ﬂ

+ (Cn(dnUe) | C(U))
= Wi+ Wy + Wj3;

sg&. Given U, the random variables W, and W, are independert with zero mean,
while W3 is a constart. Hence
= 2:‘” [ 2:¢ 2, ® 2, ® 2
E iV -U =E (Wi+Wx+W3)° U =E W{jU +E Wj5jU + W3

and thus, taking expectations,

~ 2 2 2 2
EY,i Y~ = EW2+ EW2+ EW2 (2.4)

By symmetry (replacing U by 1 U), EWZ = EWZ2. We estimate this term by
conditioning on U, using the independenceof U and Y; Yp;:::. If U = (k + v)=n, with



k2f0;1:::;nj lgand0< v - 1, then dnUe= k+ 1and W; = %(Yki Y)i %Y;
henceMink owski's inequality yields

¢

E'W2jU = (k+ v)=n KiYi i Yko + YkYko

= k V3
= nak+n/4

Consequetly,
2 1 X ¢ pxrzaty o T
EW = = E W{ju=(k+v)=n dv- — —a+ —% dv
N, o O Neoo N n
z

1x1ee oo IR

= — —Zak+ —zvak%+ —2?/4 dv
Neoo N n n

1

1 X oy 92

= ﬁ - Fak + ﬁak‘?/ﬁ" W . (25)

We postpone the estimation of E W2, and intro duce the notation
b, := kWzks = kCpr(dnUe) i C(U)kz: (2.6)

Combining (2.3){(2.6), we obtain our fundamental recursive estimate

a2 - 2EWZ+ EW?
2 X1 29, X 297
= k%a2 + =3 kay + et bE; n, 1 (2.7
k=1 k=1

We unwrap this recursion partly, by concerrating onthe rst sumon the right-hand
side and regarding the secondas known. Thus, writing

o)t 2%,
yn = ﬁ kak + W + tﬁ, (28)
k=1
we de ne recursively
2 X1
Xn = — Xk + Ny n, 1 (2.9)
N =1
and nd by (2.7) and induction
naZ - xp; n, 1

Now, the recursion (2.9) is easily solved (see,e.qg., [5]), giving

n+1X* j2
nz _ (+130+2

a2 ni%, =y, +2

Yi; n, L (2.10)



We substitute (2.8), treating the three terms separately into (2.10). The rst term
in (2.8) yields the sum

M 1 i2 3, M 1 M 1oX
ﬁz—,‘f kak = %(akﬁ
= 0+ D0 +2)5°, ) ke 1ke<j<n J1G+130+2)
1 1 H 1 1 1
= 3/kak ..+1i.+1.+2
=1 ser JAFD 0 +D0+2)
1 H 1 1 1
= Ykay i
1 (k+ 1)(k+2) n(n+1)
and the total contribution
1
29X 1 n+1Xt K 1 1
=- + 3 :
na Kat 29— K& R o) nne D
k=1 k=1
n+1X?! kay
= 2% : 2.11
n2 I(:1(k+ D(k+ 2) ( )
The secondterm in (2.8) yields the sum
R I S L L S WA D A S
j:1(j+1)(j+2)3j2' 3 ., j+1'j+2 ~ 3 2'n+1
and the total contribution
H 1
297 n+12% " 1 1 297 297
—t 22— —i ——— = —(1+ n+ 1; = —. .
3n? nZ 3 2' n+1 3n2(1 n+1i2) 3n (2.12)
Hencewe nd from (2.10)
X 1 3 X 1 k2
a2 ot ke BE L p, 0t d 5 ey
n® (k+ 1)(k+2) 3n n® (k+ 1)(k+ 2)
We next usethe following estimate of hy,, whoseproof we postpone.
Lemma 2.2. Forn, 1,
TR,
b, = kCh(dnUe) i C(U)ky - 3+ 5—13“ %< ?’
Using this lemmain (2.13), we nd in analogy with (2.12)
X 1 k2 -R2)2
2+ o+l kP _ (61637 _ 44 (2.14)

n2 o1 (k+ 1)(k+ 2) n n



and thus

K 1
+1X1! K 292" 1
2, n A 44+ _} iy

2, Kk Dk+2) 3 o "B ED

We claim that (2.15) implies the sough estimate a, = O(ni ¥*?). Indeed, assume
that n, 1 andthat A > 0is a number suc that

ay - A:p k (2.16)

forl.- k- nj 1 Then,usingk+ 1, [k(k+ 2)]*2,

X1 kay X 1 K172 X1 o4
s S S e S
 (k+ D(k+ 2) o (T DT 2
il dx ?

o xr2p= A 2012 (n+ 1) 7 (2.17)

In particular, forn , 2,

1 X 1 kay 1 i 1=2

and thus (2.17) yields (trivially for n = 1, too)

n+ 1%1 kay
n k=1(k+ (k+ 2)

. 224

Consequetly, by (2.15),
2 3=2 ?/g 3=2 .
na; - 2°°YA + 44+ 23- 2°7°YA + 45
If 25%23%A + 45. A2, which holds for examplefor A = 8, then this yields naZ - A2, and
thus (2.16) holds for k = n, too. By induction, (2.16) holds for all k , 1, and we have
proved the explicit estimate

an - p8—ﬁ; n, L (2.19)

This is the desired estimate, apart from the value of the constart. To improve the
constart, we usenumerical calculations by computer. Indeed, for (2.6),

xn Zi=n
o= (C(u)i Cn(i))*du
i—1 (i D=n
Z, X0 VA X
= C(u)?duj 2 Cn(i) C(uydu+  =Cp(i)?
0 i=1 0 (ii 1)=n 01 =g N
» x o HH Hig " oaxe
= Zi2 C) F i F —= +_ Co()%

i=1 i=1



where F(u) := u?lnuij (1i u)?In(1j u) and C,(i) is given by (1.5); so, given any
integer N, b, can be computed exactly for n - N. Next, for n = 1;:::;N, an upper
bound &, to a, can be computed recursively from (2.7) or, equivalertly, (2.13), using
the already computed &, k < n, to bound ax in the right-hand side. (We do not know
how to compute a, exactly even for n = 3.) For larger n, we usethe estimates (2.16)
and Lemma 2.2

Let
V. = X kay .
n L 1. . AN/ . AN
R
1 X kak
Voo = K+ D(k+2)’
k=1 (
X k2
W, = —bﬁ :

e 1 (k+ 1)(k+2)
Then for n > N, arguing asin (2.17), for any A such that (2.16) holds for all k,
% 1 A 3 ’

Vai1s Wn+ (k+ 2)32 W +2A (N+2) 72§ (n+ 1) 17
k=N+1
and thus by (2.18)

3

2
Similarly, with B .= 3+ 131—%‘ < 44, for n > N, by Lemma 2.2, we have

g 1 g 1
ﬂwni 1 - Wy + # + l #
n (k+ Dk+2) n (k+ D(k+ 2
k=N+1 k=1 q
1 1 1 1 B B
= Wn+B |t ] ———— = Wy + T
N N+2'n+1 2n' n(n+ 1) NTN+2' 2n
Consequetly, (2.13) yields, using Lemma 2.2 again and (2.20),
) n+1 2% B n+1
an . 2?/4n—2an 1 + 3—n + ﬁ + ZTWni 1
1 H 2%% 1
= 29N + AYA(N + 2)i 172+ ot W+ 2B(N +2)it ; n> N:
In other words, (2.16) holds for k > N, with A replacedby
u 12
1 i 1=2 23/3 c1
AN = 290\ + 4YA(N + 2)! + 3 + 2WpN + 2B(N + 2) : (2.21)

For N = 100we nd (using Mathematica or Maple), rounded to four decimal places,
Vigo = 1:1995and Wigp = 0:3466 and thus, taking A = 8 asin (2.19), Ajpo = 2:3332
Moreover, the computer veri es that n*2a, < 1:7 for n - 100, thus (2.16) holds for all
k, 1with A = 2:34. Usingthis valuein (2.21) we nd Aigp = 1:9976 and the theorem
is proved. O



Remark 2.3. The sequencen'=&, seemsto increaseslowly. For n = 100the value is
(rounded to four decimal places) 1:6018 and hencethe bound in Theorem 2.1 cannot
be much improved using the presert method basedon (2.7).

It remainsto prove Lemma 2.2 above.

Proof of Lemma2.2. Let I; := fu:dnue=ig= ((ij 1)=n;i=n]. Thuslq;:::;I, form
a partition of (0;1]. We choosea point t; 2 [ for ead i (where the bar here indicates
closure) and de ne

Cn(u) = C(tgnue);
i.e., C(u) = C(tj) whenu 2 I;. By Minkowski's inequality,

b - kCn(dnU€) i Cn(U)kz + kCn(U)i C(U)ky: (2.22)

To estimate the secondterm in (2.22), note that for u 2 I;,
4

jCa(u)i C(u)j = jC(t)i C(u)j- I_J'CO(X)J' dx:

The Cauchy{Schwarz inequality yields

ya
. L, 17 .
Ca(uyi Cwi*- — jCYx)j*dx  u2ly;
I
and thus (for any choiceof tj 2 1),
s Z
KCh(U)i C(U)KZ = jCn(u) i C(u)j?du
=1 i
i=1 . 7
. I'J'CO(X)J'ZdX
1= |
141 o
= 5 iCY%)j? dx: (2.23)
0
We have
CYx) = 2Inxi 2In(Lj x)
and nd z, z, z,
InLi x)Pdx= (Inx)2dx=  y2%iYdy=2
0 0 0
and
Inx]In(Li x)]dx = = xKjinxjdx= = e Wyei Ydy
0 K 0 K 0
k=1 k=1 ﬂ
_*1 1 R o
- k(k+ 1)2 k(k+ 1) ' (k+ 1)2
k:1u ﬂ k=
1 1
= 1| L}I 1 = 2I L}
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consequetly,
jiCIx)j?2dx =8 (Inx)%2dxj 8 [Inx][In(1j x)]dx = ——:
0 0 0 3
Hence(2.23) yields
1
kCh(U)i C(U)ks - %kCO(U)kz- ngﬁ: (2.24)
n

For the rst term in (2.22), let us rst assumethat n, 2. For u 2 |I; we have

Cn(dnue)j Ch(u) = Cn(i)i C(ti)
= P A+ @t th)i 2iintig 2L t)In(Li t):

n n

For i - dn=2e we chooset; = i=n. This vyields, using (1.11) and (1.10),

Co(i)i C(t) - 2[i1+2ini+(2°j 4)i+3
+2(ni i+ 1)In(ni i)+ (2°§ 4)(nj i)+ 22+ 1+

) i 2(n+ 1)Innj (|2°i @ni 2° 2 gn(é—)i 2(n i)ln(%‘)n

nji 1,1 9. 024 1
2|n(n)-'-3+nii n3|n+nii

1

n

3. (2.25)
In the opposite direction, by (1.11) and (1.10), still for i - dn=2e,

Co(i)i C(ti) . 2[i1+2ini+ (20 4)i+2
+2ni i+ DIn(n; i)+ (20 A)(nj i)+ 2°
i2n+)inni (27§ Hni_2°j 1 1
i 2in() i 20ni ) In("H)

_ 1 fiy. 1 1 1y, 1 . 3.
= ﬁzm(ﬂr‘,—')lﬁ, =2In(3)i 5 ., i3

Consequetly, for i - dn=2e,
ICn(i)i C(ti)j - 3=n: (2.26)

For i > dn=2e we chooseinstead t; = (ij 1)=n = 1 tp+1; ;. The symmetries of Cy
and C then yield Cn(i) i C(ti) = Co(n+ 1j i)j C(th+1;i), andsincen+ 1j i - n=2,
(2.26) showsthat jC,(i)i C(tj)j - 3=nfori > dn=2e, too,i.e., (2.26) holdsforall i - n.
In other words,

jCn(dnue) i Ch(u)j = jCnr(dnue) i C(tguue)i - 3=n

for all u 2 (0;1]; in particular, kCn(dnUe) i C,(U)ky - 3=n for all n , 2. This holds
trivially for n = 1, too, for any choice of t1, and together with (2.22) and (2.24) yields
the result. O
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Remark 2.4. De ne
¢ := supf n*™2dy(Yn:Y): n, 1g;

sothat, by Theorem 2.1, c® - 2. Conversely

¢, 2%2d,(Y2; Y) = 28%kY ky = W 2s 0:9168;
thus the constart 2 in Theorem 2.1 is no more than about twice the optimal value.

Although we do not know the exact value of dx(Y,;Y) for any n > 2, one can
in principle for any n and m compute the exact distributions of Y, and Yy, and thus
d>(Yn; Ym). We have done this for somem; n - 50 using Mathematica and Maple. The
results are consistert with a decay of the type da(Yn;Y) » cni 12 with ¢ ¥ 1, but our
data are too few to be conclusiwe.

3 Bounding dy(Yn;Y)

In this sectionwe extend Theorem 2.1 and shaw that dp(Yn;Y) = O(ni 172) for every p.
In cortrast to the style of Section 2, we will make no attempt to keepconstarts small,
nor to keeptrack of them explicitly .

Theorem 3.1. For everyp, 1, there existsa constant c, < 1 suchthat

dp(Yn:;Y) - cpzpﬁ; n. 1

5

Proof. Sinced, - dq whenp - g, it sutces to considerintegerp, 2. The casep = 2
is Theorem 2.1 (with ¢, = 2), sowe assumefurther that p, 3. We useinduction on p
and assumethat the result holds for smaller positive integer values of p.

Let Y;Yn;Y? Y, U beasin Section 2, and note that for every p, 1,

kKYni Ykp = KYy i Y%p= dp(Yn;Y); n, O (3.1)

B

by the fact [1] that there is an optimal coupling for d, that is optimal for every dj.
Using the notation of Section 2, we have, for n | 1,

We usea simple lemma to estimate this.

Lemma 3.2. Let Z;, Z,, and Z3 be three independentrandom variables,and let p, 2
be an integer. Then

EjZi+ Zo+ Z3jP - EjZ4jP + EjJZojP + (kZ1kp; 1+ KZ2kp; 1+ KZ3kp)P:

Proof. By the binomial theorem and independence,

x M T i ¢? § 3
BiZo+ Zov 2o - E(Zaj* jZo+jZa)°= . EiZi EjZi* EjZd
ikl
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Ifj - pi 1andk - pj 1 we estimate EjZyj) = kz;k - kzZiK, , (which holds
alsofor j = 0, disregardingthe certral expression)and similarly E jZ,j* - kZ,k, ; and
EjZsj' - kZsky. Henceall termsin the sum, exceptE jZ1jP and E jZ5jP, are boundedby

the corresponding terms in the trinomial expansionof (kKZikp; 1 + kZokp; 1 + ngkp)p.
L]

Conditional on U = u, the three variables W1, W, and W3 are independert, sothe
lemma is applicable. Fix u 2 (0;1) and let i = dnue, sol- i- n. Then, givenU = u,
Wi = L1y 1 uY andthus, for any q, 1,

n

E(W1j9jU = u)™ = Kki1Y; 1§ uYkg
KEL(Yii 10 Y)kg+ Ji2 i ujkYkg

Hddg(Yi; 1Y) + TkYkg: (3.3)
Similarly,
E ((W2j9jU = u)'™ . Lido(Yn, i;Y) + 1kYkg: (3.4)

Further, given U = u, W3 = C,(i) i C(u) is a constart, for which we usethe simple
estimate (from Proposition 3.2 in [19)])
3

AL — : L6 L -1:2’.
jWzj = jCy(dnue) j C(u)j- sInn+ O n'~ =0 n! : (3.5)

We rst use(3.3) with g = pj 1togetherwith the induction hypothesisdy; 1(Yi; 1;Y) -
o 1(ii 1)i ¥2,i, 2, to obtain (alsofor i = 1)

Cr=pi 1) (i ¥ 1

E'jWiPi tju = u G 1+ ﬁkYkpi L+ byni 72

where by, like bp; bs; by below, denotessome constart depending on p only. By similar
argumert using (3.4) and (3.5), we obtain

1

i . C1=(pi [ , C1=(p; - =
E Wi U= u P D E P U o TP Y E (WePjU = )P bt

Hence,using (3.3) and (3.4) for g= p, too, Lemma 3.2 yields

ui- 1 1'”IO
E (jWy + Wo+ W3PjU =u) - —'n dp(¥ij 1Y) + b
ni i 1ﬂlo .
(i YY) + bs + i P2

Taking the averageover all u 2 (0;1) we nally nd the recursive estimate

do(Yn; Y)P - EjWi+ Wo+ W3P = EE (jW1+ W2 + W3jPjU)

o X 1H; 1'P .
= ﬁdp(Yj;Y) + bg,ﬁ + hni P2 (3.6)
j=0
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The proof is now completed by another induction, this one on n. Suppose that
do(Yj;Y) - ¢i¥2forl- j- ni 1 Then (3.6) yields

1 2., .
dp(YniY)P - = 'nitebnit T+ SHni P+ bhni P
2 X
Z(c+ )P jPni P+ pyni P2
n 2.:1
1
2(c+ )P xPni P2 dx + byni P2
. 0

= 2c+ bs)pﬁ+ by ni P2 (3.7)

Sincep, 3, we have ﬁ = p+i2 < 1, and thus, if ¢ is sutciently large,

4
p+ 2

(c+ )P+ by

. i % .
For such c, (3.7) yields do(Yn;Y)P - “cni *= 7, which completesboth inductions and
the proof. O

Note that the argumerts used above for p, 3 do not work for p = 2, sowe need
both the proof here and the proof in Section 2.

4 Lower bounds for dy(Yy;Y)

We do not know whether the upper bounds O(ni 1¥2) proved in the preceding two
sectionsare sharp. We give in this sectiontwo simple lower bounds.
First, dp(Yn;Y) = -( ni 1) for every p by the following generalresult.

Prop osition 4.1. Let W;W3; W5;::: be random variables such that W has an abso-
lutely continuous distribution while, for eachn ; 1 and someconstant b,, n(W, i hby)
is integer-value. Then, for each1- p< 1, dy(Wn; W) = -(1 =n). More precisely,

lim inf n dp(Wn; W), I(p+ 1)i P (4.1)

Proof. Let V, := fn(W j by)g, wherefxg:= xj bxc denotesthe fractional part of x.
For any coupling of W and W,

JW i Waj= §jin(W i b)) i n(Wni b)j, zh(Va);
where h(x) := min(x;1j x),0- x - 1, andthus

dp(W; Wy) . 2kh(Vi)kp: (4.2)

B
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We regard V,, as a random variable taking valuesin R=Z 2 T, and nd that its distri-

bution, °, say, has Fourier coet cients
3

a;\n(k) = E ei 2YikVn = eZVJknhqA(i Zl/kn),

where A is the characteristic function of W. In particular, j*,(k)j = jA(2¥kn)j. By our
hypothesis on W and the Riemann{Lebesguelemma, A(x) ! Oasx ! §1 . Thus,
for eath xed k 6 0, ?,(k) ! Oasn! 1. This implies that °, convergesweakly

(as measureson T) to the uniform distribution, i.e., V I“ U where U » unif(0; 1).

Consequetly, asn! 1,
Z 15

kh(Va)kf = Eh(VR)P ! Eh(U)P = 2 xPdx = 21 P=(p+ 1);
0
which together with (4.2) leadsto (4.1). The proof of the proposition is completed by
L

observing dp(Wn; W) > 0 for every n, becausew, 6 W. O

Note that, in corntrast to the asymptotic result (4.1), there is no positive lower bound
to dp(Wn; W) for a xed n without further assumptions. Hencethe implicit constart in
-(1 =n) in the theorem dependson the variables W; Wy;:::.

For p, 2 we can improve this lower bound by a logarithmic factor by using the
known variance of Y.

Theorem 4.2. If 2. p< 1, then
do(Yn; ), d2(Yn;Y) = -( 150

Proof. Recallthat Y and Y, have mean0 and that Var Y = %2 while by (1.2)
Var Y, = % 20 + O(ni )

and thus
KYnko = (Var Yq)¥2 = 34 104 omi ly;

Y n

Consequetly, for the dy-optimal coupling of Y and Y,,, by Mink owski's inequality,

d2(Yn;Y) = KYn i Ykz, KYkzi KYnkp = %1100 + O(ni 1)

We still have a gap between(In n)=n and ni 172,

i€
Remark 4.3. It can be shown that EY" = EY™ + OI'“T” , N, 2, holds also for
m = 3;4;:::; cf. the formulas for momerts and cumulants by Hennequin[11]. Hence
we do not get better lower bounds for d, by consideringhigher momerts.
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5 The Kolmogoro v{Smirno v distance

Recall that the Kolmogorov{Smirnov distance dks(F; G) betweentwo distributions is
dened assup,,r JP(X - xX)i P(Y - x)j, whenX » F andY » G. We will in this
casealsowrite dxs(X;Y).

To obtain upper boundsfor dks(Yn;Y), we combine the bounds above for dp(Yn;Y)
with the following simple generalresult and the fact [6] that Y has a bounded density
function.

Lemma 5.1. Suppsethat X and Y are two random variablessuchthat Y is absolutely
continuous with a bounded density function f. If M = sup,,g jf(y)jand1l- p<1,
then

des(X:Y) - (p+ 1P (Mdp(X; Y))PPr Y

Proof. Consider an optimal d,-coupling of X and Y. Then, for x 2 R and " > 0,
denoting the distribution functions of X and Y by Fx and Fy,
Fx(X)=P(X - x) - P(Y: - X)+PX<Y- - x+")+P(Yij X>")
Fy(xX)+ M"+ P(Y | X >"):

Similarly,
Fy(x) - P(X - xX)+PXxj"<Y:-xX)+P(XjY>")
Fx(xX)+ M"+ P(Xj Y>"):
Consequetly,
¢(x) = jFx(x)i Fy(x)j- M"+ P(Xj Yj>")
and thus

Z 1
dp(X;Y)P= EjX i YjP= i p"Pi P (X i Yj>")d
Z<1:(x):M
p"Pi A x) i M")d"

0
s 6( X)P*IMmi P O

Theorem 5.2. For every" > 0,
3 ,

dks(Yn;Y) = O n'i @72

Proof. By [6], Y hasa boundeddensity function, soLemma 5.1 and Theorem 3.1 yield,

forevery xed 1- p< 1,
3

des(Yn;Y) = O dp(Yn; Y)PP*D =0

, .
ni P2+ 1))

The result follows by choosing p so large that ﬁ > % i " O
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To get an explicit bound We(g:lke p= 2in Lemma 5.1 and use Theorem 2.1. This
=3

yields the bound 313 'oM ni 122722 and we know M < 16 from Theorem 3.3 of [6].
Hence,

Theorem 5.3. Forn, 1,
dks(Yn;Y) - (12M )i 128 < (3072n)= < 1501 1% O

Numerical evidence[20] suggeststhat M < 1, which would give a bound 2:3ni =3,

As stated in the introduction, we do not know the right Oﬁdiof decay. The rate
O(n"i ¥*2) in Theorem 5.2 can be marginally improvedto exp(C™ In n)ni 2 by cheding
that the proof of Theorem 3.1 yields ¢, = O(cP) for somec and then choosing p =
(Inn)*=2 in Lemma 5.1. We omit the details, sinceit is likely that this still is far from
the truth.

The best lower bound we can prove is -( ni ).

Theorem 5.4. 1

8(n+ 1)’
Again, the lower bound follows from quite general considerations. In this casewe
usethe following lemma.

dks(Yn;Y) > n, L

Lemma 5.5. Supmsethat Y and Z are two random variables suchthat Y hasa con-
tinuous distribution while a(Z i b) is integer-valuel for somereal numbersa > 0 and b.
If ¥ := VarZ < 1, then

dks(Y;Z) , 1=(12a%z + 8):
Proof. Forany x 2 R and £> 0,
Fz(x+ 1) i Fy(x+ 9+ Fy(xi 9i Fz(xi ) - 2dks(Y;Z):
Letting ! O we nd, sinceY is corntinuous,
P(Z = x) - 2dks(Y;2):
The result now follows from the following lemma applied to a(Z i b). O
Lemma 5.6. If Z is an integer-valuel random variable with Tnite variance ¥%, then
sgpP(Z =n), 1=(6% + 4):

8§
Proof. Let! := EZ and m := %3/{ . By Chebyshev'sinequality,
3
AL

1 o1 . —
and thus

Plim<Z<?t+m)>1=2

The interval (* § m;! + m) contains at most 2m integers, and thus it must contain an
integer n suc that

1 1
P(Z:n),Z—P(lim<Z<1+m)> O

S
m 4m~ 6% + 4



17

Proof of Theorem 5.4. We apply Lemma 5.5 with a = n and obsene that
Yy, = (Var Y,)¥2 < %= (Var Y)¥2 (5.1)

and that 12%= 7:8 < 8. Indeed, (5.1) is trivial for n = 1 or 2 and easily veri ed for
3 n- 6 while forn, 7 it holds becausethen, by (1.2) and (1.3),

H 2
% 1 n+1 13
?/EiVarYn:i4§+4 1+ ng)+2nz Hni —
. 2 1
>4 k'2+§H$2)+ﬁHni FS
5 k=n+1 .
>L1 i4+8HP +2H, 13 > O O

6 Appro ximating the density of Y

It wasshawn in [6] that the density f of Y isin nitely di®erertiable, with all derivatives
rapidly decaying. In particular, the derivative f ®is bounded; Theorem 3.3 of [6] gives
the explicit bound
M := supjf 4x)j < 2466
x2R
(This is not very sharp; the true value seemsto be lessthan 2.) The bounds above on
the Kolmogorov{Smirnov distance then imply the following local result.

Theorem 6.1. For any x 2 R and +> 0,

Fo(<+ 3) i Folx i D 10

(96M )12 MO,
x s 4

. ¢ _
In particular, foranyM . M andM©®, MO chosing+= #, := 2' 96M 2(N19)i 3 16 i 1=6
yields .

CE 0= oeN 2(M %3¢1=6n11:6: (6.1)

The choicesM = 16 and M© = 2466 provided by [6] yield the bound 268ni =6
in (6.1). If M = 1 and M %= 2 could be proven to be legitimate, we could reduce the
bound to 3:03ni 1,

Proof. By Theorem 5.3,

Fn'X+% i Fo X 5 'F'X+§ P F X 2 2dks(YniY) - 2(12M A)ni 13,
while - 3 B
— |J~ +ﬂ l-l +ﬂ - :Z +=2 —
+ X+§ i Fooxi 5 i H(x)— = — (fx+y)i f(x)dy=
i =
Zt=2 0
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The rst estimate follows, and the secondis an immediate consequence. O

Theorem 6.1 yields a simple method to numerically calculate the unknown density f
up to any given accuracy For an application, see[2]. (In [2], a preliminary version
of Theorem 6.1 with larger constarts is used.) Note, howewer, that the corvergence
is slow and that it seemsimpractical to obtain high precision by this method. Other,
potentially more powerful, methods to calculate f numerically are discussedin [8].

Open Problem 6.2. Doesa local limit theorem hold in the form that
— u - - T w 1=

_ C1 - .1 .1 T
NP(Xnp=k)j f Kitn Z_Sp Ynzk'n” i f k'nn -1 0

perhapsuniformly in k2 Z,asn! 1 ?

7 Bounds on moment generating functions

Résler[19] proved that the momert generatingfunctions E e Y» are boundedfor xed , ,
andthusEe Y ! Ee Y asn! 1 . Réslerdid not make his estimatesexplicit, but his
method can be usedto obtain explicit bounds. For the limit variable Y, this was done
in [8], where we obtained by RAslers method (with some re nements) the following
explicit estimates for the momert generating function of Y: Let Lo = 5:018 be the
largest root of e~ = 6L2; then

8 2
el?%.% . 0:62
§e°52, .062 -0
Av(,)= Ee’ L 042 (7.1)
§e122, 042- . - Lg;
Lo- .:

: [ [ ¢e
In particular, Ee ¥ - exp max 12 %2e forall , 2 R.

The constarts in (7.1) are not sharp, but the doubly expor@rtlal growth as, ! +1
is correct: it was also shown in [8] that Ay(,) ., exp °,ile for all large , Whene\er
° < 2=e.

In this section we will establish similar bounds for E e Y». For simplicity we st
considerthe slight shrinkage

Xnpi !
¢ = Ny = Znin
n n n+1

of Yyn; in particular, 90 = Xoi o= 0. Wethen have the following simple result.

Theorem 7.1. Ee™ "EeY asn" 1. Hence, for any n , 0, Ee' . EeY, and
in particular the upper boundson E e ¥ in (7.1) alove apply alsoto E e ¥
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Proof. It is well known that the number X, of Quicksort comparisonshasthe same
distribution asthe internal path length of a random binary seart tree (under the ran-
dom permutation model) with n internal nodegsee, e.g.,[15, Section6.2.2] Moreover,
it was showvn by R®gnier[18] that when X, is reinterpreted asthe internal path length
of an ewlving random binary seart tree after n keys have beeninserted, the process
(9,1)”) o is a martingale, which is L2-boundedand thus corvergesa.s.and in L? to some
limit Y. It followsthat alsoY,! Y a.s.,and thus in distribution; hencethis random
variable Y is (a realization of) the sameY asabove.

The martingale property can be written ¥, = E (Yn+1jFn), for the appropriate
¥ eld F,. Sincex 7! e* is convex, it now follows by Jensen'sinequality for condi-
tional expectations that el . E (e 9"+1an); and thus, taking expectations, E et
Ee e,

By the sameargumert, E e . EeY foreahn ., 0, which together with Fatou's
lemmayieldsEe ™| EeY asn! 1. O

Corollary 7.2. For everyn , 1, we have

8e1:25[1+(1=n)]2,2; L0

%e&suﬂl:nnz,z; i 0:62n=(n+ 1) , - O
EeYn . i+@=n)?2. 0- , - 0:42n=(n+ 1);

§e12[1+(1=n)]2,2; 0- .- Lon=(n+ 1);

ST Lon(n+ 1) -

. . ¢¢
In particular, Ee Y - exp max 121+ (1=n)]2, 2;2e1*@=n)L. " for all | 2 R.
Proof. . Yn = . n¥y with = [1+ (1=n)], . O

Remark 7.3. The factors[1+ (1=n)] in Corollary 7.2areannoying but hardly important
in applications. With somee®ort, we have beenableto modify the proofin [8] and obtain
for , . i 0:58the sameestimatesfor E e Yn asobtained there for Ee ¥ ; for , < j 0:58
we only obtain a slightly weaker bound, which for large n is inferior to the bound in
Corollary 7.2. More precisely we have shavn

8 .,
el34% . | 058
5% ;058 .- 0

Ee¥n. e?: 0. , - 042 (7.2)
gelz’z; 0:42- . - Lo;
' eze’; Lo- .:

In particular, Ee Yn - explmaxllz, 2:2e ¢ for all , 2 R. In other words, we can
eliminate the factors [1+ (1=n)] in Corollary 7.2 for , , j 0:58 (and in particular for
all positive ,). Sincethe proof is quite long and the result only marginally improves
Corollary 7.2, we give the proof not here but rather in a separateappendix [9].

It seemslikely that with further e®ort one could remove the factor [1+ (1=n)] for
, < j 0:58too, sothat all the boundsin (7.1) also would bound e Yn. Moreover, it
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seemsquite likely that Ee ™ - Ee Y holds for all ; and n, and perhaps even that
EeY " EeY, aswas proved for ¥, in Theorem 7.1.

Theorem 7.1 enablesus to get an explicit constart in Réslers [19] large deviation
bound.

Corollary 7.4. Forany" > Q0and, > O,
h 3 i
P(GXni *nj. "'n)- 2exp 3", + max 12, %,2¢ ni?-

Proof. By Markov's inequality,

P(iXni *nj, "n)=P(@%i, " nx(n+ 1)
- exp(i "t a=(n + D)E el
exp(i "t n=(n+ 1) Eef+Eéd o

The result follows from Theorem 7.1, since! ,=(n+ 1), 2H,i 4, 2Innj 3 by (1.7)
and (1.9). O

Corollary 7.5. For any xed" > 0,
P(an i 1nj --1n) . ni 2"InIn n+O(1); n 2
Proof. Take (for n, 3) , = InInn in Corollary 7.4. O

The bound in Corollary 7.5is essetially the sameasthe oneobtained by McDiarmid
and Hayward [16] by di®eren methods; the only di®erenceis a slight improvemen in
the error term. More generally McDiarmid and Hayward [16] considered™ varying
with n such that 1=Inn < " - 1; if wetake, = Inlnn+ In" in Corollary 7.4, we
obtain the bound in their Theorem 1.1 with O(InInInn) improved to O(1). Compare
also the related large deviation estimatesfor the limit distribution Y in [8] (by similar
argumerts) and Knessl and Szpankowski [13] (much more precise,but assumingan as
yet unveri ed regularity hypothesis).

Finally we show that the rate of convergenceof the momen generating functions
EeYn to Ee Y alsois O(ni 2. (The sameholds for Ee %))

Theorem 7.6. For any xed complex, ,
Ee™ =Ee" + O(ni ¥?):
Explicitly, with | ;1 := Re(, ),

_ _ h 3 “i
Ee™i EeY ™. 3j, jexp max 241+ (1=n))?, 2;A1*@=ML1  pi 172,
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Proof. Consider a dz-optimal coupling of Y, and Y. Then, using the mean value theo-
rem, the Cauchy{Schwarz inequality, Corollary 7.2, and (7.1),

Ee" i Ee'" . Ee"jeY"
3 .
E JiiYni Yjemax(,lYn:,lY)
A max(, 1Yn:, 1Y)
i EiYai YPTT E@mCaviia
! .

1=2
j,jdo(Yn;Y) E€>tm + E€A1Y
h 3

1=2

T
2j,jexp max 241+ (1=n)]?, ;@=L dy(Y,;Y):

The result follws by Theorem 2.1. O

Remark 7.7. By Remark 7.3, the factors[1+ (1=n)] canbe eliminated in the statement
of Theorem 7.6.
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