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1 In tro duction and summary

This paper provides the ¯rst rates of convergence(as n ! 1 ) for the distribution of
the number of comparisonsused by the sorting algorithm Quicksort to sort an array
of n distinct numbers. Quicksort is the standard sorting procedure in Unix systems,
and has beencited [3] as one of the ten algorithms \with the greatest in° uenceon the
development and practice of scienceand engineering in the 20th century ." We begin
with a brief review of what is known about the analysis of Quicksort and a summary
of our new results.

The Quicksort algorithm for sorting an array of n distinct numbers is extremely
simple to describe. If n = 0 or n = 1, there is nothing to do. If n ¸ 2, pick a number
uniformly at random from the given array. Comparethe other numbersto it to partition
the remaining numbers into two subarrays. Then recursively invoke Quicksort on each
of the two subarrays.

Let X n denote the (random) number of comparisonsrequired (so that X 0 = 0).
Then X n satis̄ es the distributional recurrencerelation

X n
L= X Un ¡ 1 + X ¤

n¡ Un
+ n ¡ 1; n ¸ 1; (1.1)

where L= denotesequality in law (i.e., in distribution), and where, on the right, Un is

distributed uniformly on the set f 1; : : : ; ng, X ¤
j

L= X j , and

Un ; X 0; : : : ; X n¡ 1; X ¤
0 ; : : : ; X ¤

n¡ 1

are all independent.
As is well known and quite easily established,for n ¸ 0 we have

¹ n := E X n = 2(n + 1)Hn ¡ 4n » 2n ln n;

where Hn :=
P n

k= 1 k¡ 1 is the nth harmonic number and » denotesasymptotic equiv-
alence. It is also routine to compute explicitly the variance of X n (seeExercise6.2.2-8
in [15]):

Var X n = 7n2 ¡ 4(n + 1)2H (2)
n ¡ 2(n + 1)Hn + 13n = ¾2n2 ¡ 2n ln n + O(n) (1.2)

where H (2)
n :=

P n
k= 1 k¡ 2 are the second-orderharmonic numbers and, using the stan-

dard notation := for approximate equality,

¾2 := 7 ¡ 2
3¼2 := 0:4203: (1.3)

Consider the normalized variate

Yn := (X n ¡ ¹ n )=n; n ¸ 1:

Then (1.1) implies the recursion

Yn
L=

Un ¡ 1
n

YUn ¡ 1 +
n ¡ Un

n
Y ¤

n¡ Un
+ Cn (Un ); n ¸ 1; (1.4)



        

2

with Y0 arbitrarily dē ned (since its coe±cient is 0), where on the right, as for X n ,

we have Un » uniff 1; : : : ; ng and Y ¤
j

L= Yj , and Un ; Y1; : : : ; Yn¡ 1; Y ¤
1 ; : : : ; Y ¤

n¡ 1 are all
independent; further,

Cn (i ) := n¡ 1
n + 1

n (¹ i ¡ 1 + ¹ n¡ i ¡ ¹ n ); 1 · i · n: (1.5)

Note that E Yn = 0 = E Cn (Un ). We will seebelow that if n ! 1 and i=n ! u 2 [0; 1],
then Cn (i ) ! C(u), where

C(u) := 2u ln u + 2(1 ¡ u) ln(1 ¡ u) + 1; u 2 [0; 1];

with the natural (continuous) interpretation C(u) := 1 for u = 0; 1.
Moreover, R¶egnier[18] and RÄosler[19] showed, usingdi®erent methods, that Yn ! Y

in distribution, and RÄosler also showed that Y satis̄ es the distributional identit y

Y L= UY + (1 ¡ U)Y ¤ + C(U) (1.6)

obtained by formally taking limits in (1.4), where, on the right, U, Y , and Y ¤ are

independent, with Y ¤ L= Y and U » unif(0; 1). [RÄosler [19] showed further that (1.6)
characterizesthe limiting law L(Y ), subject to E Y = 0 and Var Y < 1 . For a complete
characterization of the distributions satisfying (1.6), see[7].]

The purposeof the present paper is to study the rate of convergenceof L (Yn ) to
L (Y ), using several di®erent measuresof the distance betweenL (Yn ) and L (Y ).

First, for real 1 · p < 1 , let kX kp := (E jX jp)1=p denote the L p-norm, and let dp

denote the metric on the spaceof all probabilit y distributions with ¯nite pth absolute
moment dē ned by

dp(F; G) := min kX ¡ Ykp;

taking the minimum over all pairs of random variables X and Y (de¯ned on the same
probabilit y space)with L (X ) = F and L (Y ) = G. We will use the fact [1] that the
minimum is attained for each 1 · p < 1 by the sameX and Y , viz., X := F ¡ 1(u) and
Y := G¡ 1(u) dē ned for u in the probabilit y space(0; 1) (with Lebesguemeasure).

We will for simplicit y write dp(X ; Y ) := dp(L (X ); L (Y )) for random variables X
and Y , but note that this distance depends only on the marginal distributions of X
and Y .

RÄosler [19] showed that dp(Yn ; Y ) ! 0 asn ! 1 for every 1 · p < 1 . In Sections2
and 3 we will quantify this and show that

dp(Yn ; Y ) = O
³

n¡ 1=2
´

for every ¯xed p. In the casep = 2 we will further show the explicit bound

d2(Yn ; Y ) < 2n¡ 1=2:

The best lower bound we can show (Section 4) is

dp(Yn ; Y ) ¸ c
ln n
n

; p ¸ 2;
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with c > 0 independent of p. We do not know what the correct rate is, even for p = 2.
In an earlier draft of this paper, we conjectured the rate n¡ 1=2. Subsequent to that
draft, however, Neininger and RÄuschendorf [17] surprisingly showed that for another
metric, namely, the Zolotarev metric ³3, the correct rate is (ln n)=n. We therefore now
guessthat the rate is also (ln n)=n for the metrics dp, matching our lower bound|but
proving this is a challenge.

In Section5 weusetheseresults to bound the Kolmogorov{Smirnov distancedKS (Yn ; Y )
betweenL (Yn ) and L (Y ). We show that

dKS (Yn ; Y ) = O
³

n" ¡ (1=2)
´

for every " > 0. Again we do not know the exact rate, but guessthat it is (ln n)=n, as
for the ³3 metric consideredby Neininger and RÄuschendorf [17]. The best lower bound
we can prove is c=n with c > 0.

In Section6 we prove a kind of local limit theorem which enablesus to approximate
the density function f of Y . (It was proved by Tan and Hadjicostas [20] that Y has a
density function; f is bounded and in¯nitely di®erentiable by [6].)

RÄosler [19] showed that (for ¯xed ¸ 2 R ) the moment generating function values
E ȩ Yn are boundedand thus convergeto E ȩ Y . Again we quantify his boundsand give
in Section 7 explicit bounds, basedon RÄosler's method.

In several (but not all) boundswe give explicit numerical valuesto constants. These
valuesare hardly the best possible,but we make somee®ort to get fairly small values.
This includes sometimesthe use of extensive numerical veri¯ cations by computer for
small n. [All numerical calculations have been veri¯ ed independently by the two au-
thors, the (alphabetically) ¯rst using Mathematica and the secondusing Maple.] Such
arguments could be simpli¯ ed or omitted at the cost of increasing the constants.

1.1 Preliminaries

In order to later estimate Cn (i ) dē ned by (1.5) we need someexplicit bounds on ¹ n .
First, as mentioned above,

¹ n = 2(n + 1)Hn ¡ 4n; (1.7)

which can be rewritten

¹ n = 2(n + 1)Hn+1 ¡ 4n ¡ 2: (1.8)

Next we usethe bounds on the harmonic numbers (see,e.g., Section 1.2.11.2in [14])

ln n + ° · Hn · ln n + ° + 1
2n ; n ¸ 1; (1.9)

where ° := 0:5772is Euler's constant. Hence,for n ¸ 1, from (1.7)

2(n + 1) ln n + (2° ¡ 4)n + 2° · ¹ n · 2(n + 1) ln n + (2° ¡ 4)n + 2° + n+1
n (1.10)

and from (1.8)

2n ln n + (2° ¡ 4)n + 2 · ¹ n¡ 1 · 2n ln n + (2° ¡ 4)n + 3: (1.11)
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2 Bounding d2(Yn; Y)

In this section we prove the following explicit estimate for d2(Yn ; Y ).

Theorem 2.1. For all n ¸ 1, d2(Yn ; Y ) < 2=
p

n.

Proof. We basically follow the method of RÄosler [19], making all estimatesexplicit. We
study in this paper only properties of the univariate distributions of Yn . We thus take
the liberty of letting Yn denote any random variable with the appropriate distribution

[Yn
L= (X n ¡ ¹ n )=n]. We then may choose Y0; Y1; : : : dē ned on the same probabilit y

spaceas Y and such that

kYn ¡ Yk2 = d2(Yn ; Y ); n ¸ 0:

Further, let (Y ¤; Y ¤
0 ; Y ¤

1 ; : : : ) be an independent copy of (Y; Y0; Y1; : : : ) and let U »
unif(0; 1) be independent of everything else. For conveniencewe write an := d2(Yn ; Y ).

Observe, by (1.4), that

Yn
L= ~Yn :=

dnUe¡ 1
n

YdnU e¡ 1 +
n ¡ dnUe

n
Y ¤

n¡d nU e + Cn (dnUe) (2.1)

and recall from (1.6) that

Y L= ~Y := UY + (1 ¡ U)Y ¤ + C(U): (2.2)

Therefore,

a2
n = d2

2(Yn ; Y ) · E j ~Yn ¡ ~Y j2: (2.3)

Now

~Yn ¡ ~Y =
µ

dnUe¡ 1
n

YdnU e¡ 1 ¡ UY
¶

+
µ

n ¡ dnUe
n

Y ¤
n¡d nU e ¡ (1 ¡ U)Y ¤

¶

+ (Cn (dnUe) ¡ C(U))

=: W1 + W2 + W3;

say. Given U, the random variables W1 and W2 are independent with zero mean,
while W3 is a constant. Hence

E
µ ¯

¯
¯ ~Yn ¡ ~Y

¯
¯
¯
2

¯
¯
¯
¯ U

¶
= E

¡
(W1 + W2 + W3)2

¯
¯ U

¢
= E

¡
W 2

1 j U
¢

+ E
¡
W 2

2 j U
¢

+ W 2
3

and thus, taking expectations,

E
¯
¯
¯ ~Yn ¡ ~Y

¯
¯
¯
2

= E W 2
1 + E W 2

2 + E W 2
3 : (2.4)

By symmetry (replacing U by 1 ¡ U), E W 2
2 = E W 2

1 . We estimate this term by
conditioning on U, using the independenceof U and Y; Y0; : : : . If U = (k + v)=n, with



        

5

k 2 f 0; 1; : : : ; n ¡ 1g and 0 < v · 1, then dnUe = k + 1 and W1 = k
n (Yk ¡ Y ) ¡ v

n Y;
henceMinkowski's inequality yields

E
¡
W 2

1 j U = (k + v)=n
¢1=2

· k
n kYk ¡ Yk2 + v

n kYk2

= k
n ak + v

n ¾:

Consequently ,

E W 2
1 =

1
n

n¡ 1X

k= 0

Z 1

0
E

¡
W 2

1 j U = (k + v)=n
¢

dv ·
1
n

n¡ 1X

k= 0

Z 1

0

µ
k
n

ak +
v
n

¾
¶ 2

dv

=
1
n

n¡ 1X

k= 0

Z 1

0

µ
k2

n2 a2
k +

2k
n2 vak¾+

v2

n2 ¾2
¶

dv

=
1
n

n¡ 1X

k= 0

µ
k2

n2 a2
k +

k
n2 ak¾+

¾2

3n2

¶
: (2.5)

We postpone the estimation of E W 2
3 , and intro duce the notation

bn := kW3k2 = kCn (dnUe) ¡ C(U)k2: (2.6)

Combining (2.3){ (2.6), we obtain our fundamental recursive estimate

a2
n · 2E W 2

1 + E W 2
3

·
2
n3

n¡ 1X

k= 1

k2a2
k +

2¾
n3

n¡ 1X

k= 1

kak +
2¾2

3n2 + b2
n ; n ¸ 1: (2.7)

We unwrap this recursionpartly , by concentrating on the ¯rst sum on the right-hand
side and regarding the secondas known. Thus, writing

yn :=
2¾
n3

n¡ 1X

k=1

kak +
2¾2

3n2 + b2
n ; (2.8)

we dē ne recursively

xn :=
2
n

n¡ 1X

k=1

xk + n2yn ; n ¸ 1; (2.9)

and ¯nd by (2.7) and induction

n2a2
n · xn ; n ¸ 1:

Now, the recursion (2.9) is easily solved (see,e.g., [5]), giving

a2
n · n¡ 2xn = yn + 2

n + 1
n2

n¡ 1X

j =1

j 2

(j + 1)(j + 2)
yj ; n ¸ 1: (2.10)
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We substitute (2.8), treating the three terms separately, into (2.10). The ¯rst term
in (2.8) yields the sum

n¡ 1X

j = 1

j 2

(j + 1)(j + 2)
2¾
j 3

j ¡ 1X

k= 1

kak =
n¡ 1X

k= 1

X

k< j < n

¾kak
2

j (j + 1)(j + 2)

=
n¡ 1X

k= 1

¾kak

n¡ 1X

j = k+ 1

µ
1

j (j + 1)
¡

1
(j + 1)(j + 2)

¶

=
n¡ 1X

k= 1

¾kak

µ
1

(k + 1)(k + 2)
¡

1
n(n + 1)

¶

and the total contribution

2¾
n3

n¡ 1X

k=1

kak + 2
n + 1

n2

n¡ 1X

k=1

¾kak

µ
1

(k + 1)(k + 2)
¡

1
n(n + 1)

¶

= 2¾
n + 1

n2

n¡ 1X

k= 1

kak

(k + 1)(k + 2)
: (2.11)

The secondterm in (2.8) yields the sum

n¡ 1X

j = 1

j 2

(j + 1)(j + 2)
2¾2

3j 2 =
2¾2

3

n¡ 1X

j = 1

µ
1

j + 1
¡

1
j + 2

¶
=

2¾2

3

µ
1
2

¡
1

n + 1

¶

and the total contribution

2¾2

3n2 + 2
n + 1

n2

2¾2

3

µ
1
2

¡
1

n + 1

¶
=

2¾2

3n2 (1 + n + 1 ¡ 2) =
2¾2

3n
: (2.12)

Hencewe ¯nd from (2.10)

a2
n · 2¾

n + 1
n2

n¡ 1X

k=1

kak

(k + 1)(k + 2)
+

2¾2

3n
+ b2

n + 2
n + 1

n2

n¡ 1X

k=1

k2b2
k

(k + 1)(k + 2)
: (2.13)

We next usethe following estimate of bn , whoseproof we postpone.

Lemma 2.2. For n ¸ 1,

bn := kCn (dnUe) ¡ C(U)k2 ·
µ

3 +
2¼
p

3

¶
1
n

<
6:63

n
:

Using this lemma in (2.13), we ¯nd in analogy with (2.12)

b2
n + 2

n + 1
n2

n¡ 1X

k=1

k2b2
k

(k + 1)(k + 2)
<

(6:63)2

n
<

44
n

(2.14)



       

7

and thus

a2
n · 2¾

n + 1
n2

n¡ 1X

k=1

kak

(k + 1)(k + 2)
+

µ
44+

2¾2

3

¶
1
n

; n ¸ 1: (2.15)

We claim that (2.15) implies the sought estimate an = O(n¡ 1=2). Indeed, assume
that n ¸ 1 and that A > 0 is a number such that

ak · A=
p

k (2.16)

for 1 · k · n ¡ 1. Then, using k + 1 ¸ [k(k + 2)]1=2,

n¡ 1X

k= 1

kak

(k + 1)(k + 2)
· A

n¡ 1X

k= 1

k1=2

(k + 1)(k + 2)
· A

n¡ 1X

k= 1

1
(k + 2)3=2

· A
Z n¡ 1

0

dx
(x + 2)3=2

= 2A
³

2¡ 1=2 ¡ (n + 1)¡ 1=2
´

: (2.17)

In particular, for n ¸ 2,

1
n

n¡ 1X

k=1

kak

(k + 1)(k + 2)
·

1
n

2A · 2A(n + 1)¡ 1=2 (2.18)

and thus (2.17) yields (trivially for n = 1, too)

n + 1
n

n¡ 1X

k= 1

kak

(k + 1)(k + 2)
· 21=2A:

Consequently , by (2.15),

na2
n · 23=2¾A + 44+ 2

¾2

3
· 23=2¾A + 45:

If 23=2¾A + 45 · A2, which holds for examplefor A = 8, then this yields na2
n · A2, and

thus (2.16) holds for k = n, too. By induction, (2.16) holds for all k ¸ 1, and we have
proved the explicit estimate

an ·
8

p
n

; n ¸ 1: (2.19)

This is the desired estimate, apart from the value of the constant. To improve the
constant, we usenumerical calculations by computer. Indeed, for (2.6),

b2
n =

nX

i = 1

Z i =n

(i ¡ 1)=n
(C(u) ¡ Cn (i ))2 du

=
Z 1

0
C(u)2 du ¡ 2

nX

i = 1

Cn (i )
Z i =n

(i ¡ 1)=n
C(u) du +

nX

i = 1

1
n

Cn (i )2

=
¾2

3
¡ 2

nX

i = 1

Cn (i )
µ

F
µ

i
n

¶
¡ F

µ
i ¡ 1

n

¶ ¶
+

1
n

nX

i = 1

Cn (i )2;
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where F (u) := u2 ln u ¡ (1 ¡ u)2 ln(1 ¡ u) and Cn (i ) is given by (1.5); so, given any
integer N , bn can be computed exactly for n · N . Next, for n = 1; : : : ; N , an upper
bound ¹an to an can be computed recursively from (2.7) or, equivalently , (2.13), using
the already computed ¹ak , k < n, to bound ak in the right-hand side. (We do not know
how to compute an exactly even for n = 3.) For larger n, we use the estimates (2.16)
and Lemma 2.2.

Let

Vn :=
nX

k= 1

kak

(k + 1)(k + 2)
;

¹Vn :=
nX

k= 1

k¹ak

(k + 1)(k + 2)
;

Wn :=
nX

k= 1

k2b2
k

(k + 1)(k + 2)
:

Then for n > N , arguing as in (2.17), for any A such that (2.16) holds for all k,

Vn¡ 1 · ¹VN +
n¡ 1X

k= N + 1

A
(k + 2)3=2

· ¹VN + 2A
³

(N + 2)¡ 1=2 ¡ (n + 1)¡ 1=2
´

and thus by (2.18)
n+1

n Vn¡ 1 = Vn¡ 1 + 1
n Vn¡ 1 · ¹VN + 2A(N + 2)¡ 1=2: (2.20)

Similarly, with B :=
³

3 + 2¼p
3

´ 2
< 44, for n > N , by Lemma 2.2, we have

n+1
n Wn¡ 1 · WN +

n¡ 1X

k= N + 1

B
(k + 1)(k + 2)

+
1
n

n¡ 1X

k= 1

B
(k + 1)(k + 2)

= WN + B
µ

1
N + 2

¡
1

n + 1
+

1
2n

¡
1

n(n + 1)

¶
= WN +

B
N + 2

¡
B
2n

:

Consequently , (2.13) yields, using Lemma 2.2 again and (2.20),

a2
n · 2¾

n + 1
n2 Vn¡ 1 +

2¾2

3n
+

B
n2 + 2

n + 1
n2 Wn¡ 1

·
1
n

µ
2¾¹VN + 4¾A(N + 2)¡ 1=2 +

2¾2

3
+ 2WN + 2B (N + 2)¡ 1

¶
; n > N:

In other words, (2.16) holds for k > N , with A replacedby

AN :=
µ

2¾¹VN + 4¾A(N + 2)¡ 1=2 +
2¾2

3
+ 2WN + 2B (N + 2)¡ 1

¶ 1=2

: (2.21)

For N = 100we ¯nd (using Mathematica or Maple), rounded to four decimal places,
¹V100

:= 1:1995and W100
:= 0:3466, and thus, taking A = 8 as in (2.19), A100

:= 2:3332.
Moreover, the computer veri¯es that n1=2¹an < 1:7 for n · 100; thus (2.16) holds for all
k ¸ 1 with A = 2:34. Using this value in (2.21) we ¯nd A100

:= 1:9976, and the theorem
is proved.
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Remark 2.3. The sequencen1=2¹an seemsto increaseslowly. For n = 100 the value is
(rounded to four decimal places) 1:6018, and hencethe bound in Theorem 2.1 cannot
be much improved using the present method basedon (2.7).

It remains to prove Lemma 2.2 above.

Proof of Lemma 2.2. Let I i := f u : dnue = ig = (( i ¡ 1)=n; i=n]. Thus I 1; : : : ; I n form
a partition of (0; 1]. We choosea point t i 2 ¹I i for each i (where the bar here indicates
closure) and dē ne

~Cn (u) := C(tdnue);

i.e., ~C(u) = C(t i ) when u 2 I i . By Mink owski's inequality,

bn · kCn (dnUe) ¡ ~Cn (U)k2 + k ~Cn (U) ¡ C(U)k2: (2.22)

To estimate the secondterm in (2.22), note that for u 2 I i ,

j ~Cn (u) ¡ C(u)j = jC(t i ) ¡ C(u)j ·
Z

I i

jC0(x)j dx:

The Cauchy{Schwarz inequality yields

j ~Cn (u) ¡ C(u)j2 ·
1
n

Z

I i

jC0(x)j2 dx; u 2 I i ;

and thus (for any choice of t i 2 ¹I i ),

k ~Cn (U) ¡ C(U)k2
2 =

nX

i = 1

Z

I i

j ~Cn (u) ¡ C(u)j2 du

·
nX

i = 1

1
n2

Z

I i

jC0(x)j2 dx

=
1
n2

Z 1

0
jC0(x)j2 dx: (2.23)

We have
C0(x) = 2ln x ¡ 2 ln(1 ¡ x)

and ¯nd Z 1

0
[ln(1 ¡ x)]2 dx =

Z 1

0
(ln x)2 dx =

Z 1

0
y2e¡ y dy = 2

and
Z 1

0
[ln x][ln(1 ¡ x)] dx =

1X

k= 1

1
k

Z 1

0
xk j ln xj dx =

1X

k= 1

1
k

Z 1

0
e¡ kyye¡ y dy

=
1X

k= 1

1
k

1
(k + 1)2 =

1X

k= 1

µ
1

k(k + 1)
¡

1
(k + 1)2

¶

= 1 ¡
µ

¼2

6
¡ 1

¶
= 2 ¡

¼2

6
;



       

10

consequently ,

Z 1

0
jC0(x)j2 dx = 8

Z 1

0
(ln x)2 dx ¡ 8

Z 1

0
[ln x][ln(1 ¡ x)] dx =

4¼2

3
:

Hence(2.23) yields

k ~Cn (U) ¡ C(U)k2 ·
1
n

kC0(U)k2 ·
2¼

p
3n

: (2.24)

For the ¯rst term in (2.22), let us ¯rst assumethat n ¸ 2. For u 2 I i we have

Cn (dnue) ¡ ~Cn (u) = Cn (i ) ¡ C(t i )

= ¡ 1
n + 1

n (¹ i ¡ 1 + ¹ n¡ i ¡ ¹ n ) ¡ 2t i ln t i ¡ 2(1 ¡ t i ) ln(1 ¡ t i ):

For i · dn=2e we chooset i = i=n. This yields, using (1.11) and (1.10),

Cn (i ) ¡ C(t i ) · 1
n [¡ 1 + 2i ln i + (2° ¡ 4)i + 3

+ 2(n ¡ i + 1) ln(n ¡ i ) + (2° ¡ 4)(n ¡ i ) + 2° + 1 + 1
n¡ i

¡ 2(n + 1) ln n ¡ (2° ¡ 4)n ¡ 2° ¡ 2i ln( i
n ) ¡ 2(n ¡ i ) ln( n¡ i

n )
¤

= 1
n

h
2ln( n¡ i

n ) + 3 + 1
n¡ i

i
· 1

n

h
3 ¡ 2i

n + 1
n¡ i

i

· 3
n : (2.25)

In the opposite direction, by (1.11) and (1.10), still for i · dn=2e,

Cn (i ) ¡ C(t i ) ¸ 1
n [¡ 1 + 2i ln i + (2° ¡ 4)i + 2

+ 2(n ¡ i + 1) ln(n ¡ i ) + (2° ¡ 4)(n ¡ i ) + 2°

¡ 2(n + 1) ln n ¡ (2° ¡ 4)n ¡ 2° ¡ 1 ¡ 1
n

¡ 2i ln( i
n ) ¡ 2(n ¡ i ) ln( n¡ i

n )
¤

= 1
n

£
2ln( n¡ i

n ) ¡ 1
n

¤
¸ 1

n

£
2ln( 1

3) ¡ 1
2

¤
¸ ¡ 3

n :

Consequently , for i · dn=2e,

jCn (i ) ¡ C(t i )j · 3=n: (2.26)

For i > dn=2e we choose instead t i = (i ¡ 1)=n = 1 ¡ tn+ 1¡ i . The symmetries of Cn

and C then yield Cn (i ) ¡ C(t i ) = Cn (n + 1 ¡ i ) ¡ C(tn+ 1¡ i ), and sincen + 1 ¡ i · n=2,
(2.26) shows that jCn (i ) ¡ C(t i )j · 3=n for i > dn=2e, too, i.e., (2.26) holds for all i · n.
In other words,

jCn (dnue) ¡ ~Cn (u)j = jCn (dnue) ¡ C(tdnue)j · 3=n

for all u 2 (0; 1]; in particular, kCn (dnUe) ¡ ~Cn (U)k2 · 3=n for all n ¸ 2. This holds
trivially for n = 1, too, for any choice of t1, and together with (2.22) and (2.24) yields
the result.
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Remark 2.4. De¯ne
c¤ := supf n1=2d2(Yn ; Y ) : n ¸ 1g;

so that, by Theorem 2.1, c¤ · 2. Conversely,

c¤ ¸ 21=2d2(Y2; Y ) = 21=2kYk2 = ¾
p

2 > 0:9168;

thus the constant 2 in Theorem 2.1 is no more than about twice the optimal value.
Although we do not know the exact value of d2(Yn ; Y ) for any n > 2, one can

in principle for any n and m compute the exact distributions of Yn and Ym and thus
d2(Yn ; Ym ). We have done this for somem; n · 50 using Mathematica and Maple. The
results are consistent with a decay of the type d2(Yn ; Y ) » cn¡ 1=2 with c ¼ 1, but our
data are too few to be conclusive.

3 Bounding dp(Yn; Y)

In this sectionwe extend Theorem 2.1 and show that dp(Yn ; Y ) = O(n¡ 1=2) for every p.
In contrast to the style of Section 2, we will make no attempt to keepconstants small,
nor to keeptrack of them explicitly .

Theorem 3.1. For every p ¸ 1, there exists a constant cp < 1 such that

dp(Yn ; Y ) · cp=
p

n; n ¸ 1:

Proof. Sincedp · dq when p · q, it su±ces to consider integer p ¸ 2. The casep = 2
is Theorem 2.1 (with c2 = 2), so we assumefurther that p ¸ 3. We use induction on p
and assumethat the result holds for smaller positive integer valuesof p.

Let Y; Yn ; Y ¤; Y ¤
n ; U be as in Section 2, and note that for every p ¸ 1,

kYn ¡ Ykp = kY ¤
n ¡ Y ¤kp = dp(Yn ; Y ); n ¸ 0; (3.1)

by the fact [1] that there is an optimal coupling for d2 that is optimal for every dp.
Using the notation of Section 2, we have, for n ¸ 1,

dp(Yn ; Y ) · k ~Yn ¡ ~Ykp = kW1 + W2 + W3kp: (3.2)

We usea simple lemma to estimate this.

Lemma 3.2. Let Z1, Z2, and Z3 be three independent random variables, and let p ¸ 2
be an integer. Then

E jZ1 + Z2 + Z3jp · E jZ1jp + E jZ2jp + (kZ1kp¡ 1 + kZ2kp¡ 1 + kZ3kp)p :

Proof. By the binomial theorem and independence,

E jZ1 + Z2 + Z3jp · E (jZ1j + jZ2j + jZ3j)p =
X

j ;k;l

µ
p

j ; k; l

¶
¡
E jZ1j j

¢³
E jZ2jk

´ ³
E jZ3j l

´
:
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If j · p ¡ 1 and k · p ¡ 1 we estimate E jZ1j j = kZ1kj
j · kZ1kj

p¡ 1 (which holds
also for j = 0, disregarding the central expression)and similarly E jZ2jk · kZ2kk

p¡ 1 and
E jZ3j l · kZ3kl

p. Henceall terms in the sum, exceptE jZ1jp and E jZ2jp, are boundedby
the corresponding terms in the trinomial expansion of (kZ1kp¡ 1 + kZ2kp¡ 1 + kZ3kp)p.

Conditional on U = u, the three variables W1, W2, and W3 are independent, so the
lemma is applicable. Fix u 2 (0; 1) and let i = dnue, so 1 · i · n. Then, given U = u,
W1 = i ¡ 1

n Yi ¡ 1 ¡ uY and thus, for any q ¸ 1,

E (jW1jq j U = u)1=q = k i ¡ 1
n Yi ¡ 1 ¡ uYkq

· k i ¡ 1
n (Yi ¡ 1 ¡ Y )kq + j i ¡ 1

n ¡ uj kYkq

· i ¡ 1
n dq(Yi ¡ 1; Y ) + 1

n kYkq: (3.3)

Similarly,

E (jW2jq j U = u)1=q · n¡ i
n dq(Yn¡ i ; Y ) + 1

n kYkq: (3.4)

Further, given U = u, W3 = Cn (i ) ¡ C(u) is a constant, for which we use the simple
estimate (from Proposition 3.2 in [19])

jW3j = jCn (dnue) ¡ C(u)j · 6
n ln n + O

¡
n¡ 1¢

= O
³

n¡ 1=2
´

: (3.5)

We¯rst use(3.3) with q = p¡ 1 together with the induction hypothesisdp¡ 1(Yi ¡ 1; Y ) ·
cp¡ 1(i ¡ 1)¡ 1=2, i ¸ 2, to obtain (also for i = 1)

E
¡
jW1jp¡ 1 j U = u

¢1=(p¡ 1)
· cp¡ 1

(i ¡ 1)1=2

n
+

1
n

kYkp¡ 1 · b1n¡ 1=2;

where b1, like b2; b3; b4 below, denotessomeconstant depending on p only. By similar
argument using (3.4) and (3.5), we obtain

E
¡
jW1jp¡ 1 j U = u

¢1=(p¡ 1)
+ E

¡
jW2jp¡ 1 j U = u

¢1=(p¡ 1)
+ E (jW3jp j U = u)1=p · b2n¡ 1=2:

Hence,using (3.3) and (3.4) for q = p, too, Lemma 3.2 yields

E (jW1 + W2 + W3jp j U = u) ·
µ

i ¡ 1
n

dp(Yi ¡ 1; Y ) + b3
1
n

¶ p

+
µ

n ¡ i
n

dp(Yn¡ i ; Y ) + b3
1
n

¶ p

+ bp
2n¡ p=2:

Taking the averageover all u 2 (0; 1) we ¯nally ¯nd the recursive estimate

dp(Yn ; Y )p · E jW1 + W2 + W3jp = E E (jW1 + W2 + W3jp j U)

·
2
n

n¡ 1X

j = 0

µ
j
n

dp(Yj ; Y ) + b3
1
n

¶ p

+ bp
2n¡ p=2: (3.6)



             

13

The proof is now completed by another induction, this one on n. Suppose that
dp(Yj ; Y ) · cj ¡ 1=2 for 1 · j · n ¡ 1. Then (3.6) yields

dp(Yn ; Y )p ·
2
n

n¡ 1X

j = 1

³
cj 1=2n¡ 1 + b3n¡ 1

´ p
+

2
n

bp
3n¡ p + bp

2n¡ p=2

·
2
n

(c + b3)p
n¡ 1X

j = 1

j p=2n¡ p + b4n¡ p=2

· 2(c + b3)p
Z 1

0
xp=2n¡ p=2 dx + b4n¡ p=2

=
·
2(c + b3)p 1

(p=2) + 1
+ b4

¸
n¡ p=2: (3.7)

Sincep ¸ 3, we have 2
(p=2)+1 = 4

p+2 < 1, and thus, if c is su±ciently large,

4
p + 2

(c + b3)p + b4 · cp:

For such c, (3.7) yields dp(Yn ; Y )p ·
¡
cn¡ 1=2

¢p
, which completesboth inductions and

the proof.

Note that the arguments used above for p ¸ 3 do not work for p = 2, so we need
both the proof here and the proof in Section 2.

4 Lower bounds for dp(Yn; Y)

We do not know whether the upper bounds O(n¡ 1=2) proved in the preceding two
sectionsare sharp. We give in this section two simple lower bounds.

First, dp(Yn ; Y ) = ­( n¡ 1) for every p by the following general result.

Prop osition 4.1. Let W; W1; W2; : : : be random variables such that W has an abso-
lutely continuous distribution while, for each n ¸ 1 and someconstant bn , n(Wn ¡ bn )
is integer-valued. Then, for each 1 · p < 1 , dp(Wn ; W ) = ­(1 =n). More precisely,

lim inf
n!1

n dp(Wn ; W ) ¸ 1
2(p + 1)¡ 1=p: (4.1)

Proof. Let Vn := f n(W ¡ bn )g, where f xg := x ¡ bxc denotesthe fractional part of x.
For any coupling of W and Wn ,

jW ¡ Wn j = 1
n jn(W ¡ bn ) ¡ n(Wn ¡ bn )j ¸ 1

n h(Vn );

where h(x) := min(x; 1 ¡ x), 0 · x · 1, and thus

dp(W; Wn ) ¸ 1
n kh(Vn )kp: (4.2)
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We regard Vn as a random variable taking values in R =Z »= T , and ¯nd that its distri-
bution, º n say, has Fourier coe± cients

º̂ n (k) = E
³

e¡ 2¼i kVn
´

= e2¼i knbn Á(¡ 2¼kn);

where Á is the characteristic function of W . In particular, jº̂ n (k)j = jÁ(2¼kn)j. By our
hypothesis on W and the Riemann{Leb esguelemma, Á(x) ! 0 as x ! § 1 . Thus,
for each ¯xed k 6= 0, º̂ n (k) ! 0 as n ! 1 . This implies that º n convergesweakly

(as measureson T ) to the uniform distribution, i.e., Vn
L! U where U » unif(0; 1).

Consequently , as n ! 1 ,

kh(Vn )kp
p = E h(Vn )p ! E h(U)p = 2

Z 1=2

0
xp dx = 2¡ p=(p + 1);

which together with (4.2) leads to (4.1). The proof of the proposition is completed by

observing dp(Wn ; W ) > 0 for every n, becauseWn
L
6= W .

Note that, in contrast to the asymptotic result (4.1), there is no positive lower bound
to dp(Wn ; W ) for a ¯xed n without further assumptions. Hencethe implicit constant in
­(1 =n) in the theorem dependson the variables W; W1; : : : .

For p ¸ 2 we can improve this lower bound by a logarithmic factor by using the
known variance of Yn .

Theorem 4.2. If 2 · p < 1 , then

dp(Yn ; Y ) ¸ d2(Yn ; Y ) = ­( ln n
n ):

Proof. Recall that Y and Yn have mean 0 and that Var Y = ¾2 while by (1.2)

Var Yn = ¾2 ¡ 2 ln n
n + O(n¡ 1)

and thus
kYnk2 = (Var Yn )1=2 = ¾¡ 1

¾
ln n
n + O(n¡ 1):

Consequently , for the d2-optimal coupling of Y and Yn , by Mink owski's inequality,

d2(Yn ; Y ) = kYn ¡ Yk2 ¸ kYk2 ¡ kYnk2 = ¾¡ 1 ln n
n + O(n¡ 1):

We still have a gap between(ln n)=n and n¡ 1=2.

Remark 4.3. It can be shown that E Y m
n = E Y m + O

¡ ln n
n

¢
, n ¸ 2, holds also for

m = 3; 4; : : : ; cf. the formulas for moments and cumulants by Hennequin [11]. Hence
we do not get better lower bounds for dp by consideringhigher moments.
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5 The Kolmogoro v{Smirno v distance

Recall that the Kolmogorov{Smirnov distance dKS (F; G) between two distributions is
dē ned as supx2 R jP(X · x) ¡ P(Y · x)j, when X » F and Y » G. We will in this
casealso write dKS (X ; Y ).

To obtain upper bounds for dKS (Yn ; Y ), we combine the boundsabove for dp(Yn ; Y )
with the following simple general result and the fact [6] that Y has a bounded density
function.

Lemma 5.1. Supposethat X and Y are two random variablessuchthat Y is absolutely
continuous with a bounded density function f . If M := supy2 R jf (y)j and 1 · p < 1 ,
then

dKS (X ; Y ) · (p + 1)1=(p+ 1) (M dp(X ; Y ))p=(p+ 1) :

Proof. Consider an optimal dp-coupling of X and Y . Then, for x 2 R and " > 0,
denoting the distribution functions of X and Y by FX and FY ,

FX (x) = P(X · x) · P(Y · x) + P(x < Y · x + ") + P(Y ¡ X > ")

· FY (x) + M " + P(Y ¡ X > "):

Similarly,

FY (x) · P(X · x) + P(x ¡ " < Y · x) + P(X ¡ Y > ")

· FX (x) + M " + P(X ¡ Y > "):

Consequently ,

¢( x) := jFX (x) ¡ FY (x)j · M " + P(jX ¡ Y j > ")

and thus

dp(X ; Y )p = E jX ¡ Y jp =
Z 1

0
p"p¡ 1P(jX ¡ Y j > ") d"

¸
Z ¢( x)=M

0
p"p¡ 1(¢( x) ¡ M ") d"

= 1
p+1 ¢( x)p+1 M ¡ p:

Theorem 5.2. For every " > 0,

dKS (Yn ; Y ) = O
³

n" ¡ (1=2)
´

:

Proof. By [6], Y hasa boundeddensity function, soLemma 5.1 and Theorem 3.1 yield,
for every ¯xed 1 · p < 1 ,

dKS (Yn ; Y ) = O
³

dp(Yn ; Y )p=(p+ 1)
´

= O
³

n¡ p=[2(p+ 1)]
´

:

The result follows by choosing p so large that p
2(p+1) > 1

2 ¡ " .
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To get an explicit bound we take p = 2 in Lemma 5.1 and use Theorem 2.1. This

yields the bound 31=3
¡
2M n¡ 1=2

¢2=3
, and we know M < 16 from Theorem 3.3 of [6].

Hence,

Theorem 5.3. For n ¸ 1,

dKS (Yn ; Y ) · (12M 2)1=3n¡ 1=3 < (3072=n)1=3 < 15n¡ 1=3:

Numerical evidence[20] suggeststhat M < 1, which would give a bound 2:3n¡ 1=3.
As stated in the intro duction, we do not know the right order of decay. The rate

O(n" ¡ 1=2) in Theorem 5.2 can be marginally improved to exp(C
p

ln n)n¡ 1=2 by checking
that the proof of Theorem 3.1 yields cp = O(cp) for some c and then choosing p =
(ln n)1=2 in Lemma 5.1. We omit the details, since it is likely that this still is far from
the truth.

The best lower bound we can prove is ­( n¡ 1).

Theorem 5.4.
dKS (Yn ; Y ) >

1
8(n + 1)

; n ¸ 1:

Again, the lower bound follows from quite general considerations. In this casewe
usethe following lemma.

Lemma 5.5. Suppose that Y and Z are two random variables such that Y has a con-
tinuous distribution while a(Z ¡ b) is integer-valued for somereal numbers a > 0 and b.
If ¾2

Z := Var Z < 1 , then

dKS (Y; Z ) ¸ 1=(12a¾Z + 8):

Proof. For any x 2 R and ± > 0,

FZ (x + ±) ¡ FY (x + ±) + FY (x ¡ ±) ¡ FZ (x ¡ ±) · 2dKS (Y; Z ):

Letting ± ! 0 we ¯nd, sinceY is continuous,

P(Z = x) · 2dKS (Y; Z ):

The result now follows from the following lemma applied to a(Z ¡ b).

Lemma 5.6. If Z is an integer-valued random variable with ¯nite variance ¾2
Z , then

sup
n

P(Z = n) ¸ 1=(6¾Z + 4):

Proof. Let ¹ := E Z and m :=
§3

2¾Z
¨
. By Chebyshev's inequality,

P(jZ ¡ ¹ j ¸ m) ·
¾2

Z

m2 ·
4
9

<
1
2

and thus
P(¹ ¡ m < Z < ¹ + m) > 1=2:

The interval (¹ ¡ m; ¹ + m) contains at most 2m integers,and thus it must contain an
integer n such that

P(Z = n) ¸
1

2m
P(¹ ¡ m < Z < ¹ + m) >

1
4m

>
1

6¾Z + 4
:
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Proof of Theorem 5.4. We apply Lemma 5.5 with a = n and observe that

¾Yn := (Var Yn )1=2 < ¾= (Var Y )1=2 (5.1)

and that 12¾ := 7:8 < 8. Indeed, (5.1) is trivial for n = 1 or 2 and easily veri¯ed for
3 · n · 6, while for n ¸ 7 it holds becausethen, by (1.2) and (1.3),

¾2 ¡ Var Yn = ¡ 4
¼2

6
+ 4

µ
1 +

1
n

¶ 2

H (2)
n + 2

n + 1
n2 Hn ¡

13
n

> ¡ 4
1X

k= n+1

k¡ 2 +
8
n

H (2)
n +

2
n

Hn ¡
13
n

> 1
n

³
¡ 4 + 8H (2)

n + 2Hn ¡ 13
´

> 0:

6 Appro ximating the densit y of Y

It wasshown in [6] that the density f of Y is in¯nitely di®erentiable, with all derivatives
rapidly decaying. In particular, the derivative f 0 is bounded; Theorem 3.3 of [6] gives
the explicit bound

M 0 := sup
x2 R

jf 0(x)j < 2466:

(This is not very sharp; the true value seemsto be lessthan 2.) The bounds above on
the Kolmogorov{Smirnov distance then imply the following local result.

Theorem 6.1. For any x 2 R and ± > 0,
¯
¯
¯
¯
¯
Fn (x + ±

2) ¡ Fn (x ¡ ±
2)

±
¡ f (x)

¯
¯
¯
¯
¯

·
(96M 2)1=3

±n1=3
+

M 0

4
±:

In particular, for any ¹M ¸ M and ¹M 0 ¸ M 0, choosing± = ±n := 2
¡
96 ¹M 2( ¹M 0)¡ 3

¢1=6 n¡ 1=6

yields
¯
¯
¯
¯
¯
Fn (x + ±n

2 ) ¡ Fn (x ¡ ±n
2 )

±n
¡ f (x)

¯
¯
¯
¯
¯

·
¡
96 ¹M 2( ¹M 0)3¢1=6

n¡ 1=6: (6.1)

The choices ¹M = 16 and ¹M 0 = 2466 provided by [6] yield the bound 268n¡ 1=6

in (6.1). If ¹M = 1 and ¹M 0 = 2 could be proven to be legitimate, we could reduce the
bound to 3:03n¡ 1=6.

Proof. By Theorem 5.3,
¯
¯Fn

¡
x + ±

2

¢
¡ Fn

¡
x ¡ ±

2

¢
¡

¡
F

¡
x + ±

2

¢
¡ F

¡
x ¡ ±

2

¢¢̄̄
· 2dKS (Yn ; Y ) · 2(12M 2)1=3n¡ 1=3;

while
¯
¯
¯
¯F

µ
x +

±
2

¶
¡ F

µ
x ¡

±
2

¶
¡ ±f (x)

¯
¯
¯
¯ =

¯
¯
¯
¯
¯

Z ±=2

¡ ±=2
(f (x + y) ¡ f (x)) dy

¯
¯
¯
¯
¯

·
Z ±=2

¡ ±=2
M 0jyj dy =

M 0

4
±2:
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The ¯rst estimate follows, and the secondis an immediate consequence.

Theorem 6.1 yields a simple method to numerically calculate the unknown density f
up to any given accuracy. For an application, see[2]. (In [2], a preliminary version
of Theorem 6.1 with larger constants is used.) Note, however, that the convergence
is slow and that it seemsimpractical to obtain high precision by this method. Other,
potentially more powerful, methods to calculate f numerically are discussedin [8].

Op en Problem 6.2. Doesa local limit theorem hold in the form that
¯
¯
¯
¯nP(X n = k) ¡ f

µ
k ¡ ¹ n

n

¶ ¯
¯
¯
¯ =

¯
¯
¯
¯nP

µ
Yn =

k ¡ ¹ n

n

¶
¡ f

µ
k ¡ ¹ n

n

¶ ¯
¯
¯
¯ ! 0;

perhapsuniformly in k 2 Z, as n ! 1 ?

7 Bounds on momen t generating functions

RÄosler [19] proved that the moment generatingfunctions E ȩ Yn are boundedfor ¯xed ¸ ,
and thus E ȩ Yn ! E ȩ Y asn ! 1 . RÄoslerdid not make his estimatesexplicit, but his
method can be usedto obtain explicit bounds. For the limit variable Y , this was done
in [8], where we obtained by RÄosler's method (with some re¯nements) the following
explicit estimates for the moment generating function of Y : Let L 0

:= 5:018 be the
largest root of eL = 6L 2; then

ÃY (¸ ) := E ȩ Y ·

8
>>>>>><

>>>>>>:

e1:25¸ 2
; ¸ · ¡ 0:62;

e0:5¸ 2
; ¡ 0:62 · ¸ · 0;

ȩ
2
; 0 · ¸ · 0:42;

e12¸ 2
; 0:42 · ¸ · L 0;

e2e¸
; L 0 · ¸:

(7.1)

In particular, E ȩ Y · exp
¡
max

¡
12̧ 2; 2ȩ

¢¢
for all ¸ 2 R .

The constants in (7.1) are not sharp, but the doubly exponential growth as¸ ! + 1
is correct: it was also shown in [8] that ÃY (¸ ) ¸ exp

¡
° ¸ ¡ 1ȩ

¢
for all large ¸ whenever

° < 2=e.
In this section we will establish similar bounds for E ȩ Yn . For simplicit y we ¯rst

consider the slight shrinkage

Ŷn :=
n

n + 1
Yn =

X n ¡ ¹ n

n + 1

of Yn ; in particular, Ŷ0 := X 0 ¡ ¹ 0 = 0. We then have the following simple result.

Theorem 7.1. E ȩ Ŷn " E ȩ Y as n " 1 . Hence, for any n ¸ 0, E ȩ Ŷn · E ȩ Y , and
in particular the upper bounds on E ȩ Y in (7.1) above apply also to E ȩ Ŷn .
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Proof. It is well known that the number X n of Quicksort comparisonshas the same
distribution as the internal path length of a random binary search tree (under the ran-
dom permutation model) with n internal nodes|see, e.g., [15, Section6.2.2]. Moreover,
it was shown by R¶egnier [18] that when X n is reinterpreted as the internal path length
of an evolving random binary search tree after n keys have been inserted, the process
(Ŷn )n¸ 0 is a martingale, which is L 2-boundedand thus convergesa.s.and in L 2 to some
limit Y . It follows that also Yn ! Y a.s., and thus in distribution; hencethis random
variable Y is (a realization of) the sameY as above.

The martingale property can be written Ŷn = E (Ŷn+1 jFn ), for the appropriate
¾-¯eld Fn . Since x 7! ȩ x is convex, it now follows by Jensen'sinequality for condi-
tional expectations that ȩ Ŷn · E (ȩ Ŷn +1 jFn ); and thus, taking expectations, E ȩ Ŷn ·
E ȩ Ŷn +1 .

By the sameargument, E ȩ Ŷn · E ȩ Y for each n ¸ 0, which together with Fatou's
lemma yields E ȩ Ŷn ! E ȩ Y as n ! 1 .

Corollary 7.2. For every n ¸ 1, we have

E ȩ Y n ·

8
>>>>>><

>>>>>>:

e1:25[1+(1 =n)]2 ¸ 2
; ¸ · 0;

e0:5[1+(1 =n)]2 ¸ 2
; ¡ 0:62n=(n + 1) · ¸ · 0;

e[1+(1 =n)]2 ¸ 2
; 0 · ¸ · 0:42n=(n + 1);

e12[1+(1 =n)]2 ¸ 2
; 0 · ¸ · L 0 n=(n + 1);

e2e[1+(1 =n )] ¸
; L 0 n=(n + 1) · ¸:

In particular, E ȩ Yn · exp
¡
max

¡
12[1 + (1=n)]2¸ 2; 2e[1+(1 =n)]¸

¢¢
for all ¸ 2 R .

Proof. ¸ Yn = ¸ n Ŷn with ¸ n := [1 + (1=n)]¸ .

Remark 7.3. The factors [1+ (1=n)] in Corollary 7.2areannoying but hardly important
in applications. With somee®ort, wehavebeenable to modify the proof in [8] and obtain
for ¸ ¸ ¡ 0:58 the sameestimatesfor E ȩ Yn as obtained there for E ȩ Y ; for ¸ < ¡ 0:58
we only obtain a slightly weaker bound, which for large n is inferior to the bound in
Corollary 7.2. More precisely, we have shown

E ȩ Y n ·

8
>>>>>><

>>>>>>:

e1:34¸ 2
; ¸ · ¡ 0:58;

e0:5¸ 2
; ¡ 0:58 · ¸ · 0;

ȩ
2
; 0 · ¸ · 0:42;

e12¸ 2
; 0:42 · ¸ · L 0;

e2e¸
; L 0 · ¸:

(7.2)

In particular, E ȩ Yn · exp
¡
max

¡
12̧ 2; 2ȩ

¢¢
for all ¸ 2 R . In other words, we can

eliminate the factors [1 + (1=n)] in Corollary 7.2 for ¸ ¸ ¡ 0:58 (and in particular for
all positive ¸ ). Since the proof is quite long and the result only marginally improves
Corollary 7.2, we give the proof not here but rather in a separateappendix [9].

It seemslikely that with further e®ort one could remove the factor [1 + (1=n)] for
¸ < ¡ 0:58 too, so that all the bounds in (7.1) also would bound ȩ Yn . Moreover, it
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seemsquite likely that E ȩ Yn · E ȩ Y holds for all ¸ and n, and perhaps even that
E ȩ Yn " E ȩ Y , as was proved for Ŷn in Theorem 7.1.

Theorem 7.1 enablesus to get an explicit constant in RÄosler's [19] large deviation
bound.

Corollary 7.4. For any " > 0 and ¸ > 0,

P(jX n ¡ ¹ n j ¸ " ¹ n ) · 2exp
h
3"¸ + max

³
12̧ 2; 2ȩ

´ i
n¡ 2" ¸ :

Proof. By Markov's inequality,

P(jX n ¡ ¹ n j ¸ "¹ n ) = P(jŶn j ¸ "¹ n=(n + 1))

· exp(¡ "¸¹ n=(n + 1))E ȩ jŶn j

· exp(¡ "¸¹ n=(n + 1))
³

E ȩ Ŷn + E e¡ ¸ Ŷn
´

:

The result follows from Theorem 7.1, since¹ n=(n + 1) ¸ 2Hn ¡ 4 ¸ 2 ln n ¡ 3 by (1.7)
and (1.9).

Corollary 7.5. For any ¯xed " > 0,

P(jX n ¡ ¹ n j ¸ " ¹ n ) · n¡ 2" ln ln n+ O(1) ; n ¸ 2:

Proof. Take (for n ¸ 3) ¸ = ln ln n in Corollary 7.4.

The bound in Corollary 7.5 is essentially the sameasthe oneobtained by McDiarmid
and Hayward [16] by di®erent methods; the only di®erenceis a slight improvement in
the error term. More generally, McDiarmid and Hayward [16] considered " varying
with n such that 1=ln n < " · 1; if we take ¸ = ln ln n + ln " in Corollary 7.4, we
obtain the bound in their Theorem 1.1 with O(ln ln ln n) improved to O(1). Compare
also the related large deviation estimates for the limit distribution Y in [8] (by similar
arguments) and Knessl and Szpankowski [13] (much more precise,but assumingan as
yet unveri¯ed regularity hypothesis).

Finally we show that the rate of convergenceof the moment generating functions
E ȩ Yn to E ȩ Y also is O(n¡ 1=2). (The sameholds for E ȩ Ŷn .)

Theorem 7.6. For any ¯xed complex ¸ ,

E ȩ Yn = E ȩ Y + O(n¡ 1=2):

Explicitly, with ¸ 1 := Re(¸ ),
¯
¯
¯E ȩ Yn ¡ E ȩ Y

¯
¯
¯ · 3j¸ j exp

h
max

³
24[1 + (1=n)]2¸ 2

1; e2[1+(1 =n)]¸ 1

´ i
n¡ 1=2:
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Proof. Consider a d2-optimal coupling of Yn and Y . Then, using the mean value theo-
rem, the Cauchy{Schwarz inequality, Corollary 7.2, and (7.1),

¯
¯
¯E ȩ Yn ¡ E ȩ Y

¯
¯
¯ · E

¯
¯
¯ȩ Yn ¡ ȩ Y

¯
¯
¯

· E
³

j¸ jjYn ¡ Y j emax(¸ 1Yn ;¸ 1Y )
´

· j¸ j
¡
E jYn ¡ Y j2

¢1=2
³

E e2 max(¸ 1Yn ;¸ 1Y )
´ 1=2

· j¸ jd2(Yn ; Y )
³

E e2¸ 1Yn + E e2¸ 1Y
´ 1=2

·
p

2 j¸ j exp
h
max

³
24[1 + (1=n)]2¸ 2

1; e2[1+(1 =n)]¸ 1

´ i
d2(Yn ; Y ):

The result follws by Theorem 2.1.

Remark 7.7. By Remark 7.3, the factors [1+ (1=n)] can be eliminated in the statement
of Theorem 7.6.

Ac kno wledgmen t. We thank Anhua Lin and Ludger RÄuschendorf for helpful dis-
cussions.We also thank two anonymous refereesfor useful suggestions.

References

[1] Cambanis, S., Simons, G., and Stout, W. Inequalities for E k(X ; Y ) when the
marginals are ¯xed. Z. Wahrscheinlichkeitstheorie verw. Gebiete 36 (1976), 285{
294.

[2] Devroye, L., Fill, J. A., and Neininger, R. Perfect simulation from the Quicksort
limit distribution. Electron. Comm. Probab. 5 (2000), 95{99 (electronic).

[3] Dongarra, J. and Sullivan, F. Guest editors' intro duction: the top 10 algorithms.
Computing in Science & Engineering 2:1 (2000), 22{23.

[4] Eddy, W. F. and Schervish, M. J. How many comparisonsdoes Quicksort use?
J. Algorithms 19 (1995), 402{431.

[5] Fill, J. A. On the distribution for binary search trees under the random permuta-
tion model. Random Structures and Algorithms 8 (1996), 1{25.

[6] Fill, J. A. and Janson,S. Smoothnessand decay properties of the limiting Quick-
sort density function. In D. Gardy and A. Mokkadem, editors, Mathematics and
Computer Science: Algorithms, Trees, Combinatorics and Probabilities, Trends in
Mathematics, pages53{64. Birkh Äauser Verlag, 2000.

[7] Fill, J. A. and Janson, S. A characterization of the set of ¯xed points of the
Quicksort transformation. Electron. Comm. Probab. 5 (2000), 77{84 (electronic).

[8] Fill, J. A. and Janson, S. Approximating the limiting Quicksort distribution.
Random Struct. Alg. 19 (2001), 376{406.



    

22

[9] Fill, J. A. and Janson, S. Appendix to Quicksort asymptotics. Unpublished
appendix to this paper, available from http://www.mts.jhu.edu/ ~fill/ or
http://www.math.uu.se/ ~svante/ .

[10] Hennequin, P. Combinatorial analysis of quicksort algorithm. RAIR O Inform.
Th¶eor. Appl. 23 (1989), 317{333.

[11] Hennequin,P. Analyse enmoyenned'algorithmes, tri rapide et arbresde recherche.
Ph.D. dissertation, L' ¶Ecole Polytechnique Palaiseau.

[12] Hoare, C. A. R. Quicksort. Comput. J. 5 (1962), 10{15.

[13] Knessl, C. and Szpankowski, W. Quicksort algorithm again revisited. Discrete
Math. Theor. Comput. Sci. 3 (1999), 43{64.

[14] Knuth, D. E. The Art of Computer Programming. Volume 1. Fundamental Algo-
rithms. Third edition. Addison{W esley, Reading, Mass., 1997.

[15] Knuth, D. E. The Art of Computer Programming. Volume 3. Sorting and Search-
ing. Secondedition. Addison{W esley, Reading, Mass., 1998.

[16] McDiarmid, C. J. H. and Hayward, R. B. Large deviations for Quicksort. J. Algo-
rithms 21 (1996), 476{507.

[17] Neininger, R. and RÄuschendorf, L. Rates of convergencefor Quicksort. J. Algo-
rithms, to appear.

[18] R¶egnier, M. A limiting distribution for quicksort. RAIR O Inform. Th¶eor. Appl.
23 (1989), 335{343.

[19] RÄosler, U. A limit theoremfor `Quicksort'. RAIR O Inform. Th¶eor. Appl. 25 (1991),
85{100.

[20] Tan, K. H. and Hadjicostas,P. Someproperties of a limiting distribution in Quick-
sort. Statist. Probab. Lett. 25 (1995), 87{94.


