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ABSTRACT

The number of comparisons X,, used by Quicksort to sort an array of n distinct
numbers has mean p,, of order nlogn and standard deviation of order n. Using different
methods, Régnier and Roésler each showed that the normalized variate Yy, := (X —pun)/n
converges in distribution, say to Y; the distribution of Y can be characterized as the
unique fixed point with zero mean of a certain distributional transformation.

We provide the first rates of convergence for the distribution of Y,, to that of Y,
using various metrics. In particular, we establish the bound 2n~Y2 in the dy-metric,
and the rate O(n°~(1/2)) for Kolmogorov-Smirnov distance, for any positive e.
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1 Introduction and summary

This paper provides the first rates of convergence (as n — oo) for the distribution of
the number of comparisons used by the sorting algorithm Quicksort to sort an array
of n distinct numbers. Quicksort is the standard sorting procedure in Unix systems,
and has been cited [3] as one of the ten algorithms “with the greatest influence on the
development and practice of science and engineering in the 20th century.” We begin
with a brief review of what is known about the analysis of Quicksort and a summary
of our new results.

The Quicksort algorithm for sorting an array of n distinct numbers is extremely
simple to describe. If n = 0 or n = 1, there is nothing to do. If n > 2, pick a number
uniformly at random from the given array. Compare the other numbers to it to partition
the remaining numbers into two subarrays. Then recursively invoke Quicksort on each
of the two subarrays.

Let X, denote the (random) number of comparisons required (so that Xy = 0).
Then X, satisfies the distributional recurrence relation

XoEXy, +X:y +n—1,  n>1, (1.1)
where £ denotes equality in law (i.e., in distribution), and where, on the right, U, is
distributed uniformly on the set {1,... ,n}, X7 £ X, and

Un; Xo,.. . ,anl; X()k, o 7X;;—1

are all independent.
As is well known and quite easily established, for n > 0 we have

tn :=EX, =2(n+1)H, —4n ~ 2nlnn,

where H, == >}, k! is the nth harmonic number and ~ denotes asymptotic equiv-
alence. It is also routine to compute explicitly the variance of X,, (see Exercise 6.2.2-8
in [15]):

Var X, = 7n? — 4(n+1)2H® — 2(n+ 1)H,, +13n = 0?n? — 2nlnn+ O(n)  (1.2)

where H,(LZ) = k—2 are the second-order harmonic numbers and, using the stan-
dard notation = for approximate equality,

o® =7 — 2r® = 0.4203. (1.3)
Consider the normalized variate
Y, = (Xpn — pn)/n, n > 1.
Then (1.1) implies the recursion

U,—1 - U,
Yné n YUn,1+n n

Y 4+ Cu(Uy),  n>1, (1.4)



with Yy arbitrarily defined (since its coefficient is 0), where on the right, as for X,
we have U, ~ unif{1,... ,n} and Y]*éY], and Up; Yi,...,Y,—1; Y5, ..., Y | are all
independent; further,

Cr(i) ="+ Ly + pi — ), 1<i<m. (1.5)

n

Note that EY,, = 0 = E C,(U,). We will see below that if n — oo and i/n — u € [0, 1],
then C, (1) — C(u), where

C(u) :=2ulnu+2(1 —u)In(l —u) + 1, u € [0,1],

with the natural (continuous) interpretation C(u) := 1 for u =0, 1.
Moreover, Régnier [18] and Résler [19] showed, using different methods, that Y,, — Y
in distribution, and Rosler also showed that Y satisfies the distributional identity

Y E£UY +(1-U)Y* +C(U) (1.6)

obtained by formally taking limits in (1.4), where, on the right, U, Y, and Y* are

independent, with Y* £y and U ~ unif(0,1). [Rosler [19] showed further that (1.6)
characterizes the limiting law £(Y"), subject to EY = 0 and Var Y < co. For a complete
characterization of the distributions satisfying (1.6), see [7].]

The purpose of the present paper is to study the rate of convergence of L£(Y;) to
L(Y'), using several different measures of the distance between £(Y,,) and L£(Y).

First, for real 1 < p < o0, let || X, := (E |X[P)Y/? denote the LP-norm, and let dp
denote the metric on the space of all probability distributions with finite pth absolute
moment defined by

4y(F, G) 1= min | X — Y|,
taking the minimum over all pairs of random variables X and Y (defined on the same
probability space) with £(X) = F and L(Y) = G. We will use the fact [1] that the
minimum is attained for each 1 < p < oo by the same X and Y, viz., X := F~!(u) and
Y := G~!(u) defined for u in the probability space (0,1) (with Lebesgue measure).

We will for simplicity write d,(X,Y) := d,(L(X),L(Y)) for random variables X
and Y, but note that this distance depends only on the marginal distributions of X
and Y.

Résler [19] showed that d,(Y;,,Y) — 0 as n — oo for every 1 < p < co. In Sections 2
and 3 we will quantify this and show that

dy(Yp,Y) =0 (n*1/2)
for every fixed p. In the case p = 2 we will further show the explicit bound
dy(Yy,Y) < 20712,

The best lower bound we can show (Section 4) is

|
dp(Yn,Y) 2 627 p 2 27
n



with ¢ > 0 independent of p. We do not know what the correct rate is, even for p = 2.
In an earlier draft of this paper, we conjectured the rate n=1/2. Subsequent to that
draft, however, Neininger and Riischendorf [17] surprisingly showed that for another
metric, namely, the Zolotarev metric (3, the correct rate is (Inn)/n. We therefore now
guess that the rate is also (Inn)/n for the metrics dp, matching our lower bound—but
proving this is a challenge.
In Section 5 we use these results to bound the Kolmogorov—Smirnov distance dxg(Yy,Y')

between L£(Y;,) and £(Y). We show that

dics(Yn, Y) ::c><n€—ﬂ/”)

for every € > 0. Again we do not know the exact rate, but guess that it is (Inn)/n, as
for the (3 metric considered by Neininger and Riischendorf [17]. The best lower bound
we can prove is ¢/n with ¢ > 0.

In Section 6 we prove a kind of local limit theorem which enables us to approximate
the density function f of Y. (It was proved by Tan and Hadjicostas [20] that Y has a
density function; f is bounded and infinitely differentiable by [6].)

Rosler [19] showed that (for fixed A € R) the moment generating function values
E e are bounded and thus converge to Ee?Y. Again we quantify his bounds and give
in Section 7 explicit bounds, based on Rosler’s method.

In several (but not all) bounds we give explicit numerical values to constants. These
values are hardly the best possible, but we make some effort to get fairly small values.
This includes sometimes the use of extensive numerical verifications by computer for
small n. [All numerical calculations have been verified independently by the two au-
thors, the (alphabetically) first using Mathematica and the second using Maple.] Such
arguments could be simplified or omitted at the cost of increasing the constants.

1.1 Preliminaries

In order to later estimate C), (i) defined by (1.5) we need some explicit bounds on fi,.
First, as mentioned above,

pn =2(n+1)H, —4n, (1.7)
which can be rewritten
pn =2(n+1)Hppq1 —4n — 2. (1.8)
Next we use the bounds on the harmonic numbers (see, e.g., Section 1.2.11.2 in [14])
Inn+y<H,<lnn+y+5, n>1, (1.9)
where v = 0.5772 is Euler’s constant. Hence, for n > 1, from (1.7)
2(n+1)Inn+ 2y —4n+2y < pp <2(n+ 1) Inn+ (2y —4)n+ 2y + 22 (1.10)
and from (1.8)

2nlnn+ 2y —4n+2 < pp—1 < 2nlnn+ (2y —4)n + 3. (1.11)



2 Bounding dy(Y,,Y)
In this section we prove the following explicit estimate for da(Y,,,Y).
Theorem 2.1. For alln > 1, da(Y,,Y) < 2/y/n.

Proof. We basically follow the method of Résler [19], making all estimates explicit. We
study in this paper only properties of the univariate distributions of Y;,,. We thus take
the liberty of letting Y, denote any random variable with the appropriate distribution
Y, £ (Xn — pn)/n]. We then may choose Yp,Y1,... defined on the same probability
space as Y and such that

Yy — Yo = do(Y,,,Y), 1 >0.

Further, let (Y*,Y;,Y]",...) be an independent copy of (Y,Yp,Y7,...) and let U ~
unif(0, 1) be independent of everything else. For convenience we write a,, := da(Y,,Y).
Observe, by (1.4), that

Yo £V, = %YWH + ”_—Wyg_[nm + Co([nU) (2.1)
and recall from (1.6) that
YEY =UY +(1-U)Y* +C(U). (2.2)
Therefore,
a2 =d3(Yn,Y) <E|Y, - Y% (2.3)
Now

V. v - (%Ymm—l _ Uy) N (% (1 U)Y*)

+ (Cu([nU]) = C(U))
=: Wi + Wy 4+ W3,

say. Given U, the random variables W7 and W5 are independent with zero mean,
while W3 is a constant. Hence

d

and thus, taking expectations,

- 12
Yn—Y‘

U> =E((Wi+Wo+W5)?| U)=E (WZ|U)+E (W3 |U) + W3

~ ~ |2
EYn—Y( —EW2+EW?+EW2 (2.4)

By symmetry (replacing U by 1 — U), EW2 = EWZ2. We estimate this term by
conditioning on U, using the independence of U and Y,Yy,.... If U = (k + v)/n, with



ke{0,1,...,n—1}and 0 < v < 1, then [nU] =k + 1 and Wy = £(V}, - Y) — 2Y;
hence Minkowski’s inequality yields

1/2
E(W U =(k+v)/n)"" < EVi—Y2+2|Y]

— k v
= nak—i—no.

Consequently,
EW? = 1HE_I/IE(WHU—(1<:+v)/n) dv<1n§_1j/1 K + 20 2dv
L7 0 ! N _nkzo o \n F n
1 ! v?
= —E — d
- /0( ak+ vaka—k O') v

1 2
= — < ak—l— aka—i—a ) (2.5)

n £ 3n?
We postpone the estimation of E VV32 , and introduce the notation
bn = [Wsll2 = [Cn([nUT) = C(U)]l2. (2.6)
Combining (2.3)—(2.6), we obtain our fundamental recursive estimate

a? < 2EW12+EW32

n

IN

n32k2k+—2kak+—+b2 n>1. (2.7)

We unwrap this recursion partly, by concentrating on the first sum on the right-hand
side and regarding the second as known. Thus, writing

Z kay + — + b2, (2.8)
we define recursively
2 2
n
and find by (2.7) and induction
n2a2 < xp, n > 1.

Now, the recursion (2.9) is easily solved (see, e.g., [5]), giving

n>1. (2.10)

n+1
an <7 Pan = yn +2— Z



We substitute (2.8), treating the three terms separately, into (2.10). The first term
in (2.8) yields the sum

i
L

n—1

- 2
Y GG Zkak D D H——
= 1 ]+2 k=1k<j<n JG+1D0 +2)
n—1 n—1
1 1
_ ngakz<,, 1 >
k=1 j=k+1 i +1) G+ +2)
n—1 § < 1 1 >
= oka _
2T\t Dk +2)  n(ntD)
and the total contribution
20”2:114: +2n+1”71 . 1 1
— a oKka —
nd T 2 T\ D (k+2) n(nt D)
n—1
= 2 : 2.11
7T ;(k+1)(k+2) (2.11)

The second term in (2.8) yields the sum

S P 2;‘2_2023_:1( 1 1 )_202 11
ZU+DE+23? 3 =G+l j+2) 3 \2 o+l

and the total contribution

202  n+120% (1 1 202 202
g2 T2 7(5‘n+1> gl tntl=2 =" (212)
Hence we find from (2.10)
n—1
+1 kay, 202 n+1 kb2
2 95" + o bt k(213
" n? zzl(k+1)(k+2) 3n ;(k+1)(k+2) (2.13)

We next use the following estimate of b,,, whose proof we postpone.

Lemma 2.2. Forn > 1,

27r> 1  6.63
< —.
n n

b = G [UT) = @l < (3+ 2

Using this lemma in (2.13), we find in analogy with (2.12)

1 k2b2 6.63)2 44
bi+2n+ L (6637 4 (2.14)
P 1 1)(k+2) n n




and thus

n—1
+1 kak 20 1
@ < 25" 444+ 27 = > 1. 2.15
n = n? zjl(k+1)(k—l—2)+ T3 )W "= (2.15)

We claim that (2.15) implies the sought estimate a,, = O(n~/?). Indeed, assume
that n > 1 and that A > 0 is a number such that

ap < A/VE (2.16)

for 1 <k <n — 1. Then, using k + 1 > [k(k + 2)]'/2,

n—1 n—1 n—1
kay, k1/2 1
< A <A
— (k+1)( (k+1)(E+2) — Z D(k+2) = = (k+2)32
n—1 dx L
< _ —1/2 —1/2
<Al A (2 (n+1)72) . (217)

In particular, for n > 2,

n—1

kay

Z < 1/2 .
1) k+2) 2A 2A(n+ 1)~ (2.18)

k: 1

and thus (2.17) yields (trivially for n =1, too)

< .
Zk+ vy <24

Consequently, by (2.15),
na? < 23/20A+44+2 3 < 28254 + 45.

If 23/20 A+ 45 < A%, which holds for example for A = 8, then this yields na? < A% and
thus (2.16) holds for k = n, too. By induction, (2.16) holds for all £ > 1, and we have
proved the explicit estimate

8
ap < ﬁ, n > 1. (2.19)
This is the desired estimate, apart from the value of the constant. To improve the
constant, we use numerical calculations by computer. Indeed, for (2.6),

2 - Z/@ (et - Coli))? du
— /c du—QZC / e (u)du+§%0n(l)2
_ %—2;Cn(i) (p(%)_p(ij))ﬁiicw




where F(u) := u?Inu — (1 — u)2In(1 — u) and C,(i) is given by (1.5); so, given any
integer N, b, can be computed exactly for n < N. Next, for n = 1,... , N, an upper
bound a, to a, can be computed recursively from (2.7) or, equivalently, (2.13), using
the already computed ag, k < n, to bound ay, in the right-hand side. (We do not know
how to compute a,, exactly even for n = 3.) For larger n, we use the estimates (2.16)
and Lemma 2.2.

Let
- kay
Vo = )
kz_l (k+1)(k+2)
— - k‘ak
Vo = _
; (k+1)(k+2)
g k2b?
W, = Tk
k;Z1 (k+1)(k+2)
Then for n > N, arguing as in (2.17), for any A such that (2.16) holds for all k,
n—1
< A —1/2 _ ~1/2
Vi<Vt Y. (k+2)3/2_VN+2A((N+2) (n+1)71?)
k=N+1
and thus by (2.18)
nELy = Vo + LV < U + 24(N +2)712 (2.20)

2
Similarly, with B := (3 + %) < 44, for n > N, by Lemma 2.2, we have

n—1
1
ntlpy o < W, -
n s N Z k+2 +n; k+1(k+2)

k= N+1
1 1 1 1 B B
— Wy+B _ . ) =Wyt =
Nt <N+2 o R n(n+1)> NTNT2
Consequently, (2.13) yields, using Lemma 2.2 again and (2.20),
1 2 B 1
o< 2y 2T Bty
n 3n

1 — 20

< —(QUVN+4UA(N+2)_1/2+?+2WN+QB(N+2)_1>, n > N.
n

In other words, (2.16) holds for £ > N, with A replaced by

9 1/2
AN = (QUVN +40A(N +2)7 1% 4 2% +2WnN +2B(N + 2)1> : (2.21)

For N = 100 we find (using Mathematica or Maple), rounded to four decimal places,
Vigo = 1.1995 and Wigo = 0.3466, and thus, taking A = 8 as in (2.19), Ajgp = 2.3332.
Moreover, the computer verifies that n'/2a, < 1.7 for n < 100; thus (2.16) holds for all
k> 1 with A = 2.34. Using this value in (2.21) we find Ajg9 = 1.9976, and the theorem
is proved. O



Remark 2.3. The sequence n'/2

an seems to increase slowly. For n = 100 the value is

(rounded to four decimal places) 1.6018, and hence the bound in Theorem 2.1 cannot

be much improved using the present method based on (2.7).

It remains to prove Lemma 2.2 above.

Proof of Lemma 2.2. Let I, :== {u: [nu] =i} = ((i — 1)/n,i/n]. Thus I,..

., I, form

a partition of (0,1]. We choose a point t; € I; for each ¢ (where the bar here indicates

closure) and define )
Cn(u) == Ctrnu))s

ie., C(u) = C(t;) when u € I;. By Minkowski’s inequality,
ba < [ICa([nUT) = Ca(U)]l2 + [ Ca(U) = C(U)]o-

To estimate the second term in (2.22), note that for u € I;,

|Cn(u) = Clu)| = [Ct:) = Cu)] < /I_!C’(w)\ da.

The Cauchy—Schwarz inequality yields

1
1Cr(u) — Cu)]* < - / |C7(2))? da, u € I,
I;
and thus (for any choice of ¢; € I;),

Gy O = Y / 1Cr(as) — C(u)? du
i=1 7 1i

- 1/ ! 2
— C'(x)|* dx
AL

IA

- L [iewra
= a2 x)|* de.
We have
C'(x) =2Inz — 2In(1 — x)
and find . .
/ (1l —2)]? de = / (Inz)? de = / yre Vdy =2
0 0 0
and
1 o 1 1 o 1 o)
/[lnx][ln(l—x)] dex = ZE/ 2 | Inz|dx = % e Fye=Y dy
0 k=1 70 k=170
B i 1 & < 1 1 )
- 2 o 2
— (k+1) — kE(k+1) (k+1)

(2.22)

(2.23)
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consequently,
1 1 1 47T2
/ 1O ()2 da = 8/ (In2)2dz — 8/ In 2][In(1 — o] do = 2
0 0 0 3
Hence (2.23) yields
1) = CO) < ~IC )]l < —2- (2.24)
n 2 > n 2 > \/gn .

For the first term in (2.22), let us first assume that n > 2. For u € I; we have

Co([nu]) = Cu(u) = Cu(i) = C(t:)
= =L L+ i — pa) — 2t Int; — 2(1 — ;) In(1 — ¢;).
For ¢ < [n/2] we choose t; = i/n. This yields, using (1.11) and (1.10),
Cn(i)—C(t;) < Ll-1+42ilni+(2y—4)i+3
+2(n—i+1)In(n—i) + 2y —4)(n —i) + 2y + 1 + -1
—2(n+1)Inn— (2y — 4)n — 2y — 2iIn(L) — 2(n — i) In(Z=1)]

= Ll 34 k] <2324 L]
< 3 (2.25)
In the opposite direction, by (1.11) and (1.10), still for i < [n/2],
Co(i) = C(t;) > L[-1+2ilni+ (2y—4)i+2
+2(n—i+1)In(n—1i) + 2y —4)(n — i) + 2y
—2(n+1)hn—(2y—4)n—-2y—-1-1
—2iIn(%) — 2(n — i) In(%4)]
= & [2W(E) -3l 25 2G3) — o) 2
Consequently, for i < [n/2],
|C (i) — C(t;)] < 3/n. (2.26)

For i > [n/2] we choose instead t; = (i —1)/n = 1 — t,41-;. The symmetries of Cp,
and C then yield C,, (i) — C(t;) = Cp(n+1—1i) — C(tp+1-i), and since n+ 1 — i < n/2,
(2.26) shows that |Cy, (i) —C(t;)| < 3/n for i > [n/2], too, i.e., (2.26) holds for all i < n.
In other words,

|Cu([nu]) = Cu(w)] = |Ca([nu]) = C(tpu)l < 3/n

for all u € (0, 1]; in particular, ||C,,([nU]) — Cn(U)||2 < 3/n for all n > 2. This holds
trivially for n = 1, too, for any choice of ¢;, and together with (2.22) and (2.24) yields
the result. O
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Remark 2.4. Define
c = sup{nl/ng(Yn,Y) tn > 1},

so that, by Theorem 2.1, ¢* < 2. Conversely,
¢ > 224y (Ya,Y) = 22|V || = 0v/2 > 0.9168;

thus the constant 2 in Theorem 2.1 is no more than about twice the optimal value.

Although we do not know the exact value of do(Y,,Y) for any n > 2, one can
in principle for any n and m compute the exact distributions of Y,, and Y, and thus
da(Yy, Yy,). We have done this for some m,n < 50 using Mathematica and Maple. The
results are consistent with a decay of the type do(Y,,Y) ~ en~Y/2 with ¢ &~ 1, but our
data are too few to be conclusive.

3 Bounding d,(Y,,Y)

In this section we extend Theorem 2.1 and show that d,(Y,,,Y) = O(n=1/2) for every p.
In contrast to the style of Section 2, we will make no attempt to keep constants small,
nor to keep track of them explicitly.

Theorem 3.1. For every p > 1, there exists a constant ¢, < oo such that
dp(Yn,Y) < ¢p/v/n, n > 1.

Proof. Since d,, < d, when p < g, it suffices to consider integer p > 2. The case p = 2
is Theorem 2.1 (with co = 2), so we assume further that p > 3. We use induction on p
and assume that the result holds for smaller positive integer values of p.

Let Y,Y,,Y*, Y U be as in Section 2, and note that for every p > 1,

) n?
Yo =Yy =Yy =Y, =dp(Yn,Y),  n=>0, (3.1)

by the fact [1] that there is an optimal coupling for dg that is optimal for every d,.
Using the notation of Section 2, we have, for n > 1,

dp(Yn,Y) < |[Yn = Ylp = [|W1 + W2 + W (3.2)

We use a simple lemma to estimate this.

Lemma 3.2. Let Zy, Zs, and Z3 be three independent random variables, and let p > 2
be an integer. Then

E|Zi + Zs + ZsP < E|Z1]P + E|Zf + (| Z1]lpor + | Zellys + 1 Z5],)7 -

Proof. By the binomial theorem and independence,

E|Z1+ 22+ Z3|P <E(|Z1| + |Za| + | Z5])" = Z (j i l) (E|Z17) (E ’Z2‘k> (E’ZSV) :
gkl N
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If j <p—1and k < p— 1 we estimate E|Z;) = HZlﬂg < HZlH;_I (which holds
also for j = 0, disregarding the central expression) and similarly E |Z|* < || Zs| ];_1 and
E |Zs|' < || Zs]|,. Hence all terms in the sum, except E |Z1|P and E|Z3[?, are bounded by
the corresponding terms in the trinomial expansion of (|| Z1||p,—1 + | Z2]lp—1 + | Z3]],)?-

O

Conditional on U = u, the three variables Wy, W5, and W3 are independent, so the
lemma is applicable. Fix u € (0,1) and let i = [nu], so 1 < i < n. Then, given U = u,
Wy = %Ypl —uY and thus, for any ¢ > 1,

E(W[|U=uw"" = |51y, -y,
< HH(Yi 1= Y)lg+ 152 =l IV,
< Sy (Yie,Y) + LYl (3.3)
Similarly,
E ([Wol?|U = u)"/? < 2=2d, (Vs V) + 2|V, (3.4)

Further, given U = u, W3 = C,(i) — C(u) is a constant, for which we use the simple
estimate (from Proposition 3.2 in [19])

(Wil = [Cu([nu]) = C(u)| < $nn+0 (™) = 0 (n712). (3.5)

We first use (3.3) with ¢ = p—1 together with the induction hypothesis d,—1(Y;—1,Y) <
cp—1(i —1)71/2 i > 2, to obtain (also for i = 1)

_ i— Y2 1
E (WPt U =u)/?Y < Cp—l% + (1Y llp-1 < bin /2,

where by, like bo, b3, by below, denotes some constant depending on p only. By similar
argument using (3.4) and (3.5), we obtain

E (|W1‘p71 ‘ U — u)l/(p_l)-i-E (|W2‘p71 ’ U — u)l/(p_1)+E (|W3‘p ‘ U= u)l/p < b2n71/2‘
Hence, using (3.3) and (3.4) for ¢ = p, too, Lemma 3.2 yields

1—1

1 p
E((Wy +Wo+W3P|U =u) < ( dp(Yil,Y)er:«;E)

_ 4 1 P
+(n ! p(Yni,Y)+b3—) +b§n‘p/2.
n n

Taking the average over all u € (0,1) we finally find the recursive estimate

dp(Yn,Y)p < E|W1+W2—|-W3’p:EE(|W1+W2+W3|p|U)

< —Z( (Y5, Y) + b3 — > + bhn P2, (3.6)
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The proof is now completed by another induction, this one on n. Suppose that
dp(Y;,Y) < cj~/2 for 1 <j <n— 1. Then (3.6) yields

n—1

2 P2
dy(Yn, Y)P < EZ(cjl/Qn*1+b3n*1> +Eb§n*p+b§nfp/2
j=1
9 n—1
< =2 p ip/2,—D —p/2
< n(C-i—bg) Zj n P+ byn
7j=1
1
< 2(c+bg)p/ aP?n P12 dg + bynP/?
0
1
= |2(c+b3)P—=— + by| n P2 7
[(c—i— 3) (p/2)+1+ 4]71 (3.7)

Since p > 3, we have W/

(P 1% < 1, and thus, if ¢ is sufficiently large,

p+2(0+bg)p+b4§0p.

For such ¢, (3.7) yields d,(Y,,Y)? < (cn_l/ 2)p, which completes both inductions and
the proof. O

Note that the arguments used above for p > 3 do not work for p = 2, so we need
both the proof here and the proof in Section 2.

4 Lower bounds for d,(Y,,Y)

We do not know whether the upper bounds O(n_l/ 2) proved in the preceding two
sections are sharp. We give in this section two simple lower bounds.
First, d,(Y,,,Y) = Q(n™!) for every p by the following general result.

Proposition 4.1. Let W, W1, Wa, ... be random variables such that W has an abso-
lutely continuous distribution while, for each n > 1 and some constant by, n(W,, — by)
is integer-valued. Then, for each 1 < p < oo, dp(W,, W) = Q(1/n). More precisely,

lim inf n dy (W, W) > 3(p +1)71/7. (4.1)

n—o0 -

Proof. Let V,, :== {n(W —b,)}, where {z} := x — |z] denotes the fractional part of z.
For any coupling of W and W,

W —W,| = %]n(W —bn) = n(Wn —by)| 2 %h(Vn),
where h(x) := min(z,1 —z), 0 <z <1, and thus

dp(W, W) = 5 [I(Va)llp- (4.2)
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We regard V,, as a random variable taking values in R/Z = T, and find that its distri-
bution, v, say, has Fourier coefficients

ﬁn(k) —E (efQﬂikVn> — eZm'knbn(b(_Qﬂ_kn)’

where ¢ is the characteristic function of W. In particular, |, (k)| = |¢(27kn)|. By our
hypothesis on W and the Riemann—Lebesgue lemma, ¢(z) — 0 as z — +oo. Thus,
for each fixed k # 0, (k) — 0 as n — oo. This implies that v, converges weakly

(as measures on T) to the uniform distribution, i.e., Vn£>U where U ~ unif(0, 1).
Consequently, as n — o0,

1/2
IRVl = EA(V,)? — Eh(U) = /0 2P dr =27 )(p+ 1),

which together with (4.2) leads to (4.1). The proof of the proposition is completed by
L
observing d,(W,,, W) > 0 for every n, because Wy, #W. O

Note that, in contrast to the asymptotic result (4.1), there is no positive lower bound
to d, (W, W) for a fixed n without further assumptions. Hence the implicit constant in
Q(1/n) in the theorem depends on the variables W, W7y, . ...

For p > 2 we can improve this lower bound by a logarithmic factor by using the
known variance of Y.

Theorem 4.2. If2 < p < oo, then

dp(Yn,Y) > da(Y;,Y) = Q(1B2).

n

Proof. Recall that Y and Y;, have mean 0 and that VarY = o2 while by (1.2)
VarY, =o® — 2822 4+ O(n7")

and thus
[Vall2 = (VarY,,)'/? = o — 1Ian 4 O(n 1),

Consequently, for the ds-optimal coupling of Y and Y;,, by Minkowski’s inequality,

Ao (Y, Y) = [Ya = Y2 > [[Y ]2 = [[¥all2 = o152 + O(n 7).

We still have a gap between (Inn)/n and n~1/2.

Remark 4.3. It can be shown that EY)" = EY"™ + O (1“—"), n > 2, holds also for

n
m = 3,4,...; cf. the formulas for moments and cumulants by Hennequin [11]. Hence

we do not get better lower bounds for d,, by considering higher moments.
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5 The Kolmogorov—Smirnov distance

Recall that the Kolmogorov—Smirnov distance dks(F,G) between two distributions is
defined as sup,cg |P(X < z) — P(Y < z)|, when X ~ F and Y ~ G. We will in this
case also write dxs(X,Y).

To obtain upper bounds for dks(Yy,Y'), we combine the bounds above for d,(Y,,,Y")
with the following simple general result and the fact [6] that Y has a bounded density
function.

Lemma 5.1. Suppose that X andY are two random variables such that'Y is absolutely
continuous with a bounded density function f. If M := sup,eg [f(y)| and 1 < p < oo,
then

dxs(X,Y) < (p+ D)Y@ (Md, (X, v))P/ P+

Proof. Consider an optimal d,-coupling of X and Y. Then, for x € R and € > 0,
denoting the distribution functions of X and Y by Fx and Fy,

Fx(x)=P(X<z) < PY<z)+Pla<Y<z+e)+PY —-X>¢)
< Fy(x)+Me+PY —X >e).
Similarly,
Fy(zr) < PX<z)+Plx—e<Y<za)+P(X-Y >¢)
< Fx(x)+Me+P(X-Y >e¢).
Consequently,
Az) = |Fx(z) — Fy(z)| < Me+ P(|X = Y| > ¢)

and thus

dp(X, Y =E|X -Y] :/ pePIP(|X = Y| > ¢e)de
0

Ax)/M
> / peP N (A(z) — Me) de

0
= g AP M O

Theorem 5.2. For every ¢ > 0,
dis(Yy,Y) = O <nf—<1/2>) .

Proof. By [6], Y has a bounded density function, so Lemma 5.1 and Theorem 3.1 yield,
for every fixed 1 < p < o0,

dis(Yy,Y) = O (dp(yn, Y)p/<p+1>> _0 (n—p/[z(pm}) '

The result follows by choosing p so large that 2(;‘%1) > % —c. O
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To get an explicit bound we take p = 2 in Lemma 5.1 and use Theorem 2.1. This
yields the bound 3'/3 (2Mn*1/2)2/3, and we know M < 16 from Theorem 3.3 of [6].
Hence,

Theorem 5.3. Forn > 1,

dxs(Yn,Y) < (12M2)V30713 < (3072/n)'/3 < 150713, O
Numerical evidence [20] suggests that M < 1, which would give a bound 2.3n~1/3.

As stated in the introduction, we do not know the right order of decay. The rate
O(n®~/2) in Theorem 5.2 can be marginally improved to exp(Cv/Inn)n~/2 by checking
that the proof of Theorem 3.1 yields ¢, = O(cP) for some ¢ and then choosing p =
(Inn)'/? in Lemma 5.1. We omit the details, since it is likely that this still is far from
the truth.

The best lower bound we can prove is Q(n™1).
Theorem 5.4. ]
dxs(Yn,Y) > — > 1.
KS( ny ) 8(71—{-1)7 n -~
Again, the lower bound follows from quite general considerations. In this case we
use the following lemma.

Lemma 5.5. Suppose that Y and Z are two random variables such that Y has a con-
tinuous distribution while a(Z —b) is integer-valued for some real numbers a > 0 and b.
If O'% := Var Z < oo, then

dxs(Y,Z) > 1/(12a07 + 8).
Proof. For any x € R and § > 0,
Fz(zx+9)— Fy(x+0)+ Fy(z —9) — Fz(z — ) < 2dks(Y, Z).
Letting 6 — 0 we find, since Y is continuous,
P(Z =) < 2dxs(Y, Z).
The result now follows from the following lemma applied to a(Z — b). O

Lemma 5.6. If Z is an integer-valued random variable with finite variance 0’%, then

supP(Z =n) > 1/(60z +4).

Proof. Let p:=EZ and m := (%az]. By Chebyshev’s inequality,

2
o 4 1
PlZ—-pl>m)< 4 <-<=
and thus
Plp—m<Z<p+m)>1/2.

The interval (u — m, pt + m) contains at most 2m integers, and thus it must contain an
integer n such that

1 1 1
Plu—m<Z<p+m)>-— O

P(Z=n)>— ———
( n)_Zm 4m>60’Z—|—4
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Proof of Theorem 5.4. We apply Lemma 5.5 with a = n and observe that
oy, := (VarY,)'/? < o = (VarY)'/? (5.1)

and that 120 = 7.8 < 8. Indeed, (5.1) is trivial for n = 1 or 2 and easily verified for
3 < n < 6, while for n > 7 it holds because then, by (1.2) and (1.3),

2 1)? 1 1
02—VarYn:—4%+4<1+—> H<>+2”+ m, - 13
mn

n
o0
8 13
> —4 k2 4+ 2H® - =
PO R
k=n+1

> 1 (<44 8HP + 2H, ~13) > 0. O

6 Approximating the density of Y

It was shown in [6] that the density f of Y is infinitely differentiable, with all derivatives
rapidly decaying. In particular, the derivative f’ is bounded; Theorem 3.3 of [6] gives
the explicit bound
M' :=sup |f'(z)| < 2466.
z€R
(This is not very sharp; the true value seems to be less than 2.) The bounds above on
the Kolmogorov—Smirnov distance then imply the following local result.

Theorem 6.1. For any x € R and 6 > 0,

Fp(x+ %) — Fu(z —9) (96M2)1/3 M’
: 5 - f@)| <

Snl/3 6

<

In particular, for any M > M and M' > M', choosing § = 6, := 2 (96]\742(]\74')*3)1/6 n~1/6

yields

Fuz+%) - Fulz - %)
dn

— ()| < (96812(AI')3) 0 /S, (6.1)

The choices M = 16 and M’ = 2466 provided by [6] yield the bound 268n~1/6
n (6.1). If M =1 and M’ = 2 could be proven to be legitimate, we could reduce the
bound to 3.03n~1/6.

Proof. By Theorem 5.3,

|Fo(z+8) —Fy(z—8) — (F(z+3) = F(x—3))| < 2dks (Y, Y) < 2(12M%)1 /3713

while

5/2
= '/ flx+y) — f(x))dy

5/2
!/

M
< M’]y\dy— — 5
/2 4
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The first estimate follows, and the second is an immediate consequence. O

Theorem 6.1 yields a simple method to numerically calculate the unknown density f
up to any given accuracy. For an application, see [2]. (In [2], a preliminary version
of Theorem 6.1 with larger constants is used.) Note, however, that the convergence
is slow and that it seems impractical to obtain high precision by this method. Other,
potentially more powerful, methods to calculate f numerically are discussed in [8].

Open Problem 6.2. Does a local limit theorem hold in the form that

iy (5 - s 5) 1 (152 o

n
perhaps uniformly in k € Z, as n — oo?

7 Bounds on moment generating functions

Rosler [19] proved that the moment generating functions E e*Yn are bounded for fixed ),
and thus Ee?» — E e as n — oo. Rosler did not make his estimates explicit, but his
method can be used to obtain explicit bounds. For the limit variable Y, this was done
in [8], where we obtained by Résler’s method (with some refinements) the following
explicit estimates for the moment generating function of Y: Let Ly = 5.018 be the
largest root of e” = 6L?; then

el 2N\ < —0.62,
05N _0.62 < A <0,
Yy(\) i=EeMY < { N, 0<\<0.42, (7.1)
el 042 < A\ < Ly,
\628\, LO < A

In particular, Ee?Y < exp (max (12/\2, 26)‘)) for all A € R.

The constants in (7.1) are not sharp, but the doubly exponential growth as A\ — 400
is correct: it was also shown in [8] that 1y (A) > exp (yA~'e?) for all large A whenever
v < 2/e.

In this section we will establish similar bounds for Ee
consider the slight shrinkage

Ma - For simplicity we first

% n Xn — in
Y, = Y,=——
n n n+1

of Yy,; in particular, ffo = Xg — po = 0. We then have the following simple result.

Theorem 7.1. EeMn 1 EeY asn 1 0o. Hence, for anyn > 0, EeM» < EeY, and

in particular the upper bounds on Ee*Y in (7.1) above apply also to E Mo,
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Proof. 1t is well known that the number X, of Quicksort comparisons has the same
distribution as the internal path length of a random binary search tree (under the ran-
dom permutation model) with n internal nodes—see, e.g., [15, Section 6.2.2]. Moreover,
it was shown by Régnier [18] that when X, is reinterpreted as the internal path length
of an evolving random binary search tree after n keys have been inserted, the process
(Yn)nZO is a martingale, which is L?-bounded and thus converges a.s. and in L? to some
limit Y. It follows that also Y,, — Y a.s., and thus in distribution; hence this random
variable Y is (a realization of) the same Y as above.

The martingale property can be written Y, = E(Yn+1|fn), for the appropriate
o-field F,,. Since z — e is convex, it now follows by Jensen’s inequality for condi-
tional expectations that e*» < B (e*Y+1|F,); and thus, taking expectations, Ee*n <
E eMnt1,

By the same argument, E eMn < EeM for each n > 0, which together with Fatou’s
lemma yields EeM» — Ee? as n — oo. O

Corollary 7.2. For every n > 1, we have

'61.25[14-(1/71)]2)\2’ A <0,

OSLHW/mIPN 0 62n/(n+1) <A <0,

EeAYn < e[l"!‘(1/7l)]2)\27 0 < A < 0.42 n/(n+ 1)’
612[1-%-(1/7’1)}2)\27 0 S )\ S LO n/(n + ]_)7
626[1"'(1/”)]/\’ LO n/(n + 1) < A\

In particular, E M < exp (max (12[1 + (1/n)]2)2, 26[1+(1/")]’\)) for all A € R.
Proof. \Y, = A\,Y, with A, := [1+ (1/n)]\. O

Remark 7.3. The factors [14+(1/n)] in Corollary 7.2 are annoying but hardly important
in applications. With some effort, we have been able to modify the proof in [8] and obtain
for A > —0.58 the same estimates for E e’ as obtained there for Ee?Y; for A < —0.58
we only obtain a slightly weaker bound, which for large n is inferior to the bound in
Corollary 7.2. More precisely, we have shown

el34N N < —0.58,
05N 058 < A <0,
EcMr < { eV, 0<\<0.42, (7.2)
eV 0.42 < A < Ly,
62@, Lo <A\

In particular, EeM» < exp (max (12)\2,26)‘)) for all A € R. In other words, we can
eliminate the factors [1 + (1/n)] in Corollary 7.2 for A > —0.58 (and in particular for
all positive A). Since the proof is quite long and the result only marginally improves
Corollary 7.2, we give the proof not here but rather in a separate appendix [9)].

It seems likely that with further effort one could remove the factor [1 + (1/n)] for
A < —0.58 too, so that all the bounds in (7.1) also would bound e*». Moreover, it
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seems quite likely that EeMn < ]g]eAY holds for all A and n, and perhaps even that
E e 1 EeMY, as was proved for Y, in Theorem 7.1.

Theorem 7.1 enables us to get an explicit constant in Rosler’s [19] large deviation
bound.

Corollary 7.4. For anye > 0 and A > 0,
P(| Xy — pn] > epin) < 2exp [38)\ + max (12)\2, 26)\)] n=2,
Proof. By Markov’s inequality,
P(|Xn — pn| = epn) = P(|f/n| > epin/(n+1))
< exp(—eAu,/(n+1))E ¥l
< exp(—eAun/(n+ 1)) (E M 4 Ee_)‘Y"> .

The result follows from Theorem 7.1, since u,/(n+1) > 2H,, —4 > 2Inn — 3 by (1.7)
and (1.9). O

Corollary 7.5. For any fixed ¢ > 0,
P(|Xn o ,Un| > Eﬂn) < n—2alnlnn+0(1)’ n> 2.
Proof. Take (for n > 3) A = Inlnn in Corollary 7.4. O

The bound in Corollary 7.5 is essentially the same as the one obtained by McDiarmid
and Hayward [16] by different methods; the only difference is a slight improvement in
the error term. More generally, McDiarmid and Hayward [16] considered e varying
with n such that 1/Inn < e < 1; if we take A = Inlnn + Ine in Corollary 7.4, we
obtain the bound in their Theorem 1.1 with O(Inlnlnn) improved to O(1). Compare
also the related large deviation estimates for the limit distribution Y in [8] (by similar
arguments) and Knessl and Szpankowski [13] (much more precise, but assuming an as
yet unverified regularity hypothesis).

Finally we show that the rate of convergence of the moment generating functions
E M to EeM also is O(n™1/2). (The same holds for E e*Yn.)

Theorem 7.6. For any fixed complex ),
EeM = EeMY + 0(n1/?).
Ezplicitly, with A1 := Re(\),

E M — Ee’\Y’ < 3|\ exp [max (24[1 + (1/n)]?\3, eQ[H(l/”)])‘lﬂ n~1/2,
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Proof. Consider a do-optimal coupling of Y, and Y. Then, using the mean value theo-
rem, the Cauchy—Schwarz inequality, Corollary 7.2, and (7.1),

EeM — Ee)‘Y‘ < E|eMr — eAY‘
< E (|)\||Yn _y| emaxmyn,w))
< ’)\’ (E ’Yn — Y‘2)1/2 (E e?max(,\lyn,)\ly)>1/2
1/2
< |Ada(Y5,Y) <E 2MYa Ee%y)

< V2|Aexp [max (24[1 +(1/n)22, 62[1+<1/">M1)] do(Y,, V).

The result follws by Theorem 2.1. O

Remark 7.7. By Remark 7.3, the factors [1+(1/n)] can be eliminated in the statement
of Theorem 7.6.
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