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ABSTRACT

We establish, for various scenarios,whether or not interruptible exact stationary
sampling is possiblewhen a nite-state Markov chain can only be viewed passiwely. In
particular, we prove that such sampling is not possibleusing a single copy of the chain.
Sud sampling is possiblewhen enoughcopiesof the chain are available, and we provide
an algorithm that terminates with probability one.
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1 Intro duction and summary

In recert years a large number of articles have been written about exact sampling
(also called perfect sampling) using Markov chains. See[14] for an overview. The
rough idea is as follows. One wishesto sample from the unique stationary distri-
bution ¥ of an obsened irreducible Markov chain. At ead transition of the chain,
a decision is made whether to continue observing the chain or to stop. When the
obsenation is stopped, a value S is output and it is desired that, for all statesi,
P (S = ijone ever stops observing the chain) = ¥. The decisionabout whether to stop
at a particular time is made on the basisof the ewolution of the chain up through that
time, possibly together with someadditional randomnessindependen of the chain.

The goal of our researt leading to this paper wasto determine whether or not it is
possibleto carry out interruptible exact sampling for "nite-state chainsin what Propp
and Wilson [13] call the passiw setting. (We will explain in Section 3.2 what is meart
by \in terruptible " and \the passiwe setting".) Our certral result is the following:

Interruptible exact samplingis not possiblewhen one observesonly a single trajectory.

This result remains true even if we assumethat the chain is aperiodic and reversible.
[SeeRemark 6.2(b).] However, interruptible exact sampling is possiblefor an N -state
chain when one is able to obsene, simultaneously, N trajectories. Here is a guide to
our speci ¢ results.

() (positive:) We provide an algorithm (Algorithm 4.3) which, given an irreducible
Markov chain on N states as input, producesin (random) nite time an exact
sample from the tree distribution, and hencealso an exact samplefrom % (The
tree distribution is de ned in Section 3.1) The algorithm is interruptible, but
requires N independert synchronized trajectories from the chain. (See Theo-
rem 4.4.)

(i) (negative:) There is no algorithm in the passiwe setting for obtaining an obser-
vation from the stationary distribution of an irreducible aperiodic Markov chain
on N stateswhich usesfewer than N independert trajectories from the chain and
which is both interruptible and exact. (SeeTheorem 5.1.)

(i) (negative:) There is no algorithm in the passiwe setting for obtaining an obsena-
tion from the commonstationary distribution of any nite number of independert
irreducible aperiodic Markov chainson N states(with possibly di®erert transition
matrices) which is both interruptible and exact. (SeeTheorem 6.1.) This remains
true even if we assumethat all of the chains are reversible. [SeeRemark 6.2(a).]

2 Background

In 1992, Asmussen,Glynn, and Thorisson [3] demonstrated that exact sampling from a
Markov chain is possibleunder certain circumstances. They also proved that it is not
possibleto obtain an exact samplefrom an arbitrary Markov chain without someprior
knowledge about the chain; in particular, the size of the state spacemust be known.



Although their paper does provide a method for generating exact samplesfrom an N -
state Markov chain when N is known, the paper is primarily of a theoretical nature,
and the method is complicated and inetcient.

In 1995, Lov8sz and Winkler [11] provided a simpler and more et cient algorithm
for obtaining an exact samplefrom an irreducible N -state Markov chain. Although not
mertioned explicitly in their paper, the method described in Section 3 of Lov§sz and
Winkler can in fact be usedto obtain an exact sample from the tree distribution of
the Markov chain (as de ned in Section 3.1). Aldous [1], Broder [5], and Propp and
Wilson [13] also describe algorithms for sampling from the tree distribution. Propp
and Wilson [13] discussand compare these and other methods of sampling from the
tree distribution, and from the stationary distribution. Their discussionincludes con-
sideration of such issuesas whether or not the sampling is exact or interruptible. To
our knowledge, the question of whether interruptible exact sampling is possiblein the
passive case(as described in Section 3.2) has not previously beenconsidered.

3 Preliminaries

3.1 The tree distribution

Throughout this paper we consider only nite-state irreducible Markov chains. We
assumethat the number of states, call it N, is known; in fact, it turns out that we may
as well assume(and so we do) that the state spaceis known to be [N]:= f1;:::;Ng.
We denote the transition matrix of sudh a chain generically by P = (pj ).

An irreducible Markov chain on [N] can be viewed equivalertly as a random walk
on a connectedweighted directed graph G. The vertex set of G is [N], and there is an
edgefrom i to j, with weight pj , if and only if p; > 0.

For the momert, let us consideran undirected graph G with vertex set[N]. Then a
subgraph T of G is called a spanning tree if it contains all N vertices and is connected
and acyclic. From any spanningtree, we obtain a directed spanning tree by assigninga
direction to ead edge. A directed spanning tree is called an arbores@na rooted at a
given vertex r if all edgesare directed towards .

Q We de ne the weight w(T) of an arborescenceT with edgesfeg as w(T) :=

|N:‘11 p(er), where p(e) := p; if g is directed from i to j. For the remainder of this
paper, when we refer to a \tree” T we mean an arborescencel with w(T) > 0. The
tree distribution of the Markov chain is the probability distribution on trees obtained
by normalizing the weights w(T) soasto sum to unity.

The Markov chain tree theoremis the well-known result (see,for example,[11] or [2])
that the stationary distribution %z0f the chain can be expressedsimply in terms of the
tree distribution:

Ya= wi=w; i 2[N];

where, writing T; for the set of treesrooted at i and T for [ jonTi,

X X X
W = w(T); w = w; = w(T):
T2T; i2[N] T2T



In particular, any algorithm for sampling from the tree distribution provides a means
of sampling from ¥ simply output the root of the tree.

3.2 The passive case; interruptible exact sampling

Propp and Wilson [13] distinguish betweenthe active setting and the passiwe setting for
sampling using a Markov chain. In the active setting, an algorithm is assumedto have
accesat all times to a transition generator, that is, to a routine which, given any input
state i, generatesan obsenation j from the probability distribution (p; :j 2 [N]),
independert of all previously generatedobsenations. In particular, a usercan generate
atrajectory from P with any desiredinitial state. In the passiw setting, the algorithm
hasno cortrol over the initial state and canonly watch passiwely asthe chain transitions
from one state to the next.

We now explain what is meart by an (on-line, Markov-chain-based) interruptible
exact sampling algorithm in the passiwe case;for simplicity, we will do this explicitly
only in the casethat a singletrajectory from the chain is available and the desiredout-
put is an obsenation from the stationary distribution Ya(rather than one from the tree
distribution). Informally, an exact sampling algorithm must take asinput a trajectory
from the given Markov chain; possibly using external randomization to make its deci-
sions, it watchesthe chain only until some nite time and then returns an obsenation
distributed accordingto % (Important note: The state returned is not necessarilythe
state of the chain at the stopping time.) More formally, we can de ne an exact sampling
algorithm as a collection of functions A, : [N]**1 1 [0;1] [with Ay;i(Xo;::: ;Xk) to be
interpreted informally asthe conditional probability that the algorithm stopsby time k
and outputs i, given that it seesthe trajectory (xo;:::;Xk) through time k] having
the following properties, where (iii) and (iv) must hold for all ¥4 for all ¥; and for all
irreducible transition matrices P = (pjj ) on [N] with stationary distribution %

P .
i 8k, O 8(xo;:::;xk)2[N]k+l: J-Ak;j(xo;:::;xk)- 1;

(i) 8i2[N] 8k, 0 8(xp;x1;:::) 2 [N]* : Aci(xo;:::;xk)" ask";
s P P .
(”I) IImk"l jZ[N] X0;X1;00 Xk l/gopXo;Xl ¢¢¢pin 1,Xk Ak,j (X01 Xl; i 1Xk) > 0:
P p
XEX 1 Xk 1/3<op><0§>< 1¢%ki 1X Kk A (Xo5X1500 3 XK)
J2INT  xoXq:im Xg 1/3<0p><0?’<1¢am<k; 1%k A (XoiXa3it Xk )

(v) 8i2[N]: limgq B = v,

In terms of the chain X obsened and the stopping time ¢ and output state S for
the algorithm, the properties can be interpreted informally as (i) P(¢ - kjX) - 1
(i) P(¢ - kjX)"ask™; (i) P(¢<1)>0;and(iv) P(S=ij¢< 1) %. When
the strengthening

O 1 P P "

(iii 9 limyeq I2IN] XoX1: Xk YaoPxoixa S0Pk, 1ix Ak (Xoi X517 5Xk) = 1
[interpreted as P(¢ < 1) = 1] of (iii) holds, we will call the algorithm terminating.
When (iv) can be strengthenedto



(iVO) 8i 2 [N] 8k, O:
X )
YaoPxoxa S0Py, ; 1 xi A (Xo; X15100 5 Xk)
X0:X1;5: Xk
X X i
= WBE Y20 Pxo:ix1 (mq:px.<i 1xi A (Xo;X1; 1075 Xk)

j2[N]X05X1:: Xk

[interpreted asthe independenceP (¢, - k;S=1)" P(¢ - k)% of ¢ and S » ¥}, we say
that the algorithm is interruptible. An interruptible algorithm can be aborted without
biasing output; seethe discussionin [6]. For active-casealgorithms, the leading exam-
ple of a non-interruptible algorithm is coupling from the past [12], while interruptible
algorithms include cycle popping [13], Fill's rejection-basedalgorithm [6] [8], and the
RandomnessRecycler[7]. The results of this paper, both positive and negative, are for
interruptible algorithms.

4 A terminating algorithm for interruptible exact sam-
pling in the passive case

In this section we presen a terminating algorithm for interruptible exact stationary
sampling in the passiwe case,assumingthat one canwatch N syndronized copiesX; =
(Xi(t) :t=0;1;:::),1 2 [N], of a Markov chain with state space[N] and irreducible
transition matrix P. We allow arbitrary initial distribution Y2for the N -variate chain
X = (Xq;:::;XnN), but we assumethat Xq;:::; Xy are conditionally independert
given the initial state (X1(0);:::;Xn(0)). The algorithm will produce an obsenation
from the tree distribution corresponding to P (recall Section 3.1).

4.1 The algorithm in a restricted setting

In this subsection we presert a terminating algorithm for interruptible exact tree-
sampling in the passiwe casethat works under the following additional restriction on P:

Assumption A: py > Oforall j 2 [N]:

While this assumption may seemunreasonablyrestrictiv e, we will show in Section 4.2
how a simple modi cation of the algorithm can handle the more generalcase.

To describe the algorithm we rst de ne the following everts for event | 2. Informal
interpretations in words are given parerthetically following the formal de nitions; see
also Figure 1.
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Figure 1: lllustration of Algorithm 4.1.

At = \ppnfXi(ti 2)= 1g (Every copy of the chain is in state 1.);

B fX1(ti 1)=1g (The rst copy remainsin state 1 at the next step.);
Ci FEXq(t); Xa(ti 1);::0; XN (i 1)g=[Nlg
(The states (X 1(t); Xo(tj 1);:::; Xn(ti 1)) form a permutation of [N].);
D¢(T) fthe graph with directed edgesfrom X,(tj 1) to X (t), 2- |- N,
is the arborescencerl g;

D¢ [ 727 D(T);
Et(T) At\ Bt\ Ct\ Dt(T),

Et [ T2TEt(T) = A¢\ B¢\ Ci\ Dy

In Figure 1, C; is realized if and only if (%;%;::: ;%) is a permutation of [N];
and Dy is realized if and only if the directed edges% ! a;, ] = 2,:::;N, form an

arborescencewith vertex set[N].

Algorithm 4.1 (T erminating interruptible tree-sampling, under Assumption A).

Forevent , 2, let E¢(T) and E; be de ned as above, and let Ep := ;. The algorithm
is:
tA O
repeat
tAt+2

until  E; holds
SA T, for the unique T 2 T such that E((T) holds
return S

Theorem 4.2. When Asumption A holds, Algorithm 4.1 is a terminating algorithm for
interruptible exact tree-sampling.

Proof. Let ¢ denote the suprenum of the valuesof the variable t during the operation
of Algorithm 4.1. Now X a candidate valuet of ¢. Let T 2 T be an arborescence,
say with edgese directed from i) to j;, which we chooseto index (in somearbitrary



but xed order) by | 2 f2;:::;Ng. The evert D(T) is a disjoint union of (N j 1)!
subevents, with ead subevent corresponding to a way of mapping the N j 1 transitions
(Xi(ti 1);X(t)) to the N j 1 edgese. Thesesubevents will all enter symmetrically
into the calculation below of P(¢, = t; S = T). One suc subevert is

DAT) := VL F(Xi(ti 1) Xi(1) = (g

Let fi;g denote the singleton [N]nfiz;:::;ing.
De ne
Ad:=fo . ti 29\ A;; ewent, 2

Then, using the Markov property and independenceof the trajectories,
P(¢=tS=T)
= P(f¢, ti 29\ E¢(T)) = P(AQ\ By\ Ci\ Dy(T))
(N i DIP(A2\ B\ Ci\ DIT))

" #
W
= (N D'PADPBjXa(ti 2)=1)  PX(ti D=0jXi(ti 2)=1)
A I =2
- - W .
E£P(Xa(t) = i1)By) Pij,
15,2 ~
" # A !
W A
= (N DIP(AD) pu pri, P, W(T) = (N i 1)!IP(AD pra pu w(T):
1=2 =1
Summingover T 2 T we nd
A !
W
P(¢=t)=(Ni J)'P(A)pu  pu W
=1

and therefore T

P(e=tS=T)=P(e= "1,
which shows that Algorithm 4.1 is an interruptible exact tree-sampling algorithm.
Using the fact that X visits (1;:::;1) at even times in nitely often (a.s) together

with the strong Markov property of X, it is clear that termination occurs at the rst
successins 6n almost surely in nite sequenceof Bernoulli trials with successproba-

bility pi11 |N:1|01| w > 0 (note that this is where Assumption A is used). Thus
P(¢ < 1) =1, that is, Algorithm 4.1 is terminating. O

4.2 The algorithm in the general setting

To avoid needing Assumption A, we can use the averaging technique of Lov§sz and
Wilgkler [11]. Let PK be the k-step transition matrix of the chain X. Then P :=
Ni E:l PK is a transition matrix with all ertries positive. (Compare Problem 7(a) in
Chapter 2 of [9].) Moreover, we can e®ectively use the original chain to sample from



this \averaged chain. The resulting more generalalgorithm (Algorithm 4.3) obtains,
interruptibly , an exact sampleT from the tree distribution of P.

To describe Algorithm 4.3, which works in the generalsetting described at the outset
of Section4, for t , 3N we de ne the following events to be usedin the context of the
algorithm. (Seealso Figure 2.) Informally speaking, the random variables (r.v.s) Ujo
(each uniform on [N]) provide the N trajectories an opportunity to synchronize (in
suitable fashion) their initializations at state 1; the r.v. V ensuresthe possibility of
a hold in state 1 for the rst trajectory; and the r.v.s U1 (I = 2;:::;N) are used
in generating the P-analoguesof the transitions from epoch tj 2 to epoch t 1 in
Algorithm 4.1, while Uy is usedin generatingthe P -analogueof the X ;-transition from
epochtj 1to epocht in Algorithm 4.1 (recall Figure 1).

At = \pngfXi(ti 3N § 1+ Up) = 1g;
By = fXqi(tji 3Nj 1+ Ug+ V)= 1g;
Ci = ffXg(ti 3Nj 1+ U+ V + Up); Xo(tj 3N j 1+ Uz + Uz);
s XN(ti 3N 1+ Uno+ Un1)g= [N]g;
D{(T) := fthe graph with directed edgesfrom X (tj 3N j 1+ U+ Uj1)
to X;(tj 3Nj 1+ Ug+ U1+ 1),2- |- N,isthe arborescencerlg;
Dt = [r1271D(T);
E«(T) = A¢\ B\ Ci\ D(T);
Et = [7127E«(T)= A\ Be\ G\ Dy

Figure 2: lllustration of Algorithm 4.3. Here N = 3, and Uig = 1, Uy = 3, Uzg = 1,
V = 2, U11= 1, U21: 2, U31= 2.

In the following algorithm, successie calls to Random(jre assumedto generate
independert random numbers, ead uniformly distributed over [N].

Algorithm 4.3 (T erminating interruptible  stationary sampling). Fort , 3N,
let E¢(T) and E; be de ned asdirectly above, and let Eq := ;. The algorithm is:

tA O



repeat
tA t+ 3N
V A Random()
for 1A 1to N

Uo A Random()

U1 A Random()
until  E; holds
S A T, for the unique T 2 T such that E{(T) holds
return S

By modifying slightly the proof of Theorem 4.2, we obtain the following result.

Theorem 4.4. Algorithm 4.3 is a terminating algorithm for interruptible exact tree-
sampling. O

Remark 4.5. Our interest in providing Algorithm 4.3 is more of a theoretical nature
(to establish the possibility of terminating interruptible exact sampling, given enough
copiesof a chain) than of a practical nature (to provide an etcient algorithm). Thuswe
have not ne-tuned Algorithm 4.3 to improve its performance,and we will not analyze
its running time here.

Remark 4.6. If we make noassumptionregardingthe independenceof the trajectories,
then interruptible sampling becomesimpossiblefor N | 2 states, no matter how many
trajectories are available. Indeed, it is then possiblethat we are in the extreme case
that all the trajectories are identical, i.e., that there is \really " only one trajectory, in
which caseTheorem 5.1 applies.

5 Imp ossibilit y of interruptible exact sampling (I)

Algorithm 4.3 requires N independert synchronized Markov chain trajectories. This
may seemexcessie, especially sincefor interesting chains N is often enormously large.
But our next main result, Theorem 5.1, shows that this is best possible. Note that to
prove Theorem 5.1, we needonly show that interruptible exact sampling is impossible
using N j 1independert trajectories. Indeed, if interruptible exact sampling is possible
with m independert tra jectories, then for any m®, m it is possiblewith m®independert
tra jectories, since extra trajectories can always be ignored.

Theorem 5.1. Thereis no algorithm in the passivesetting for obtaining an observation
from the stationary distribution of an irr educible aperiodic Markov chain on N states
which uses fewer than N independent trajectories from the chain and which is both
interruptible and exact.

Proof. We rst establish an equation [(5.3)] that must hold if there exists an interrupt-
ible exact sampling algorithm for N -state chains (for given N | 2) that usesonly a
single trajectory; in that casethe discussionof Section 3.2 applies verbatim. A similar



equation, namely (5.4), must hold if interruptible exact samplingis possibleusingN j 1
trajectories. But (5.4) will lead to a contradiction via a transition-balancing argumert.
Sowe beginwith the caseof a singletrajectory. Supposethat functions Ay satisfying
() {(ii)) and (iv®) of Section 3.2 exist. We remind the reader that (i) and (iv% were
required to hold for all initial distributions ¥ throughout the presert proof it will sutce
to considertra jectories starting deterministically at 1. Taking ¥%2to be unit mass#; at 1
and p; to beidentically 1=N, we nd from (iii) that, for some0O- k< 1,
X X )
Aci (X500 5%xk) > 0 (5.1)
J2[N] X135 Xk

Let ko bethe minimum such k, andde neAj(x) ~ Aj (X111 5 Xke) 1= Akgyj (15X15500 5 Xko)
and Xj := fx = (X1;::1;Xk,) : Aj(X) > 0g for j 2 [N]. Again taking %:to be #; and pj
to be identically 1=N, we 'nd from (iv9 and (5.1) that X; 6 ; for i 2 [N]. Using (iv9
again, we nd that for any transition matrix P with positive ertries and stationary
distribution Y4

X X X

8i 2 [N]: A (X) p1x; GO0y, o 1, = YA E A (X) P1x, CEDX, ) 1k 3
Xx2X i j2[N]x2X;
(5.2)

and all terms on both sidesof (5.2) are positive. Recalling the notation of Section 3.1,
it now follows in particular that

X Y X Y
we o A) Y =w A Y (5.3)
x2X 1 i5j x2X 2 i5j
wherewewrite nj (x) for the numberofi ! j transitions in the trajectory (1;Xz1;::: ;Xk,)

and again all terms on both sidesof the equation are positive.

By the samereasoning,if there exists an interruptible exact sampling algorithm for
N -state chains that usesN | 1 independert trajectories, then there exist integerk , 0
and nonempty setsX; and X, of (N j 1)-tuples

X = (Xa(1);: 0 xa(k); xa(2); e s xa(K); o sxng 1(2); 100 s X 1(K))

of k-tuples from [N] sud that, for any transition matrix P with positive erntries,
X Y X Y
w o Ax) R =w A (5.4)
x2X 1 i5j x2X 2 i5j
where, for | = 1;2 and and every x 2 X;, we have A(x) > 0, and where nj (X) is the
sumover1- m - N j 1ofthe numbersofi! | transitions within the trajectories

(L;xm(Q);::: ;xm(K)). To complete the proof, we will shaw that (5.4) cannot possibly
hold. We will make key use of the obsenation that, for any x 2 X1 [ X,

O- m+(X)i nua(x)- Nj L (5.5)
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where we have intro duced the notation

N+ (X) == ng(x);  naa(x) = ni(x) (5.6)
j=2 i=2

for the total numbers of transitions out of and into state 1, respectively. Indeed, since
ead trajectory (1;Xm(1);:::;Xm(K)) starts in state 1, the number of transitions out of
state 1 within sud atrajectory either equalsor exceeddy onethe number of transitions
into state 1.

To obtain the desiredcortradiction, we begin by observingthat (5.4) can be written
in the form (eliminating the diagonal variables p;; ) that

W2f1 = W1f2 (5.7)
P
forall (oj >0:1- i6] - N)suhthat ;,q;pj < 1foreveryi2[N], where
2 32 , ) 3
X Y ; Y X nii (x)
fi= A4 gP™54 1 gy U5 I=12 (58)
x2X | i;j i8] i jii6i

Hsing cortinuity it follows that (5.7) holds for all (pj , 0:1- 16 j - N) sud that
ijeiPj - lforeveryi2[N].

For | = 1;2, note that f; and w; are both polynomial expressionsin the variables
pj,1- 16 - N (wewill denotethis ertire collection of N(N j 1) variables by p);
in fact, wy is a polynomial expressionin the (N j 1)? variables pj with i;j 2 [N] and
i 8 f1;jg (with a similar reduction in humber of variables possiblefor w»). Applying
Proposition A.1 (seethe Appendix) to F := w,f; | wif,, we concludethat (5.7) holds
as an equality in the ring of polynomials in the variables p over the complex “eld.
Henceforth we shall write G; © G3 to indicate sudh an identit y of polynomials G1; G».

According to Lemma A.2 in the Appendix, the polynomial wy (again, over the
complex eld) is irreducible; likewise,sois wp. From the polynomial identity wofq
wsf, at (5.7) it then follows that we can write

fio owf; = 1,2 (5.9)

for somepolynomial f in p. Of course,the polynomial identities (5.9) remain true as
we now reduce the number of variablesto three by setting p;; to ® forj 6 1, piy to
forié 1,andp; to° ifi6 1,j 6 1, andi 6 j. Obsere that now

X
f|(®;_;°) . A|(X)®11+ (X)=n41 (X)o Nyy (X)
X2X|
E[Li (N§ DEM=O[L; 7 (N 2970 1= 1;,2(5.10)
recalling (5.6) and de ning
X X
Nyt (X) = njj (X); H(x) := n; (X): (5.11)

ij 2f 2, N Qi8] i=2
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Also now, by a simple generalization of the bijection argumert ([10], Section 2.3.4.4,
p. 390) shawing that the number of arborescencesooted at 1 is NNi 2,

wi(T;°) " T+ (N 1N E (5.12)
and
Wo(®; ;%) " ®va(;°) (5.13)

for somepolynomial vo( ;°) which is not divisible by  [the explanation for (5.13) being
that any T 2 T, has precisely one directed edgeleaving vertex 1 and that there exists
T 2 T, for which 1is a leaf. In fact, it canbe shawn that vo(—;°) " [ + (N j 1)°]Vi 2,
but we won't needthis.]

The idea for the remainder of the proof is to derive from the identities (5.9){(5.10)
a polynomial identit y in the single variable —, namely (5.14), and then show that (5.14)
leadsto a contradiction. We will produce (5.14) by eliminating (using suitable divisi-
bility argumerts) rst ® and then °. Theseargumerts are carried out in the next two
lemmas. O

Lemma 5.2. Suppsethat there exists an interruptible exact algorithm in the passive
setting for sampling from the stationary distribution of an irr educible aperiodic Markov
chain on N states which usesfewer than N independent trajectories from the chain.
Then there exist nonempty sets X and X2 and a polynomial r such that

Aq(x)"Me T TRED TN 2 (T, (5.14)
x2X 2

where
m = minn X):
1( ) XZX](_) +l( )

Proof. Let m;(®) denote the highest power of ® that divides f| at (5.10) and de ne
M (®) = minyox, N1+ (X). We claim that m(® = m(®), and note that this sort of
highest-power obsenation will be usedfrequertly Jand without accomparying proof]
in the sequel. [Indeed, m|(®) , m,(®) is clear. To seethe reverseinequality, divide f|
by @ (® and set® to 0 to obtain the expression

X
A(x) T 0o 0011y T (N 201 = g(Tre); (5.15)

X2X|:Nn1+ (X)= M| (®)

which is not the zero polynomial sinceit hasa positive value when = 1=N = ° ]
By (5.9), (5.12), and (5.13),

m2(®) = m1(®) + 1 and (5.16)
g g =12 (5.17)

where g is the polynomial de ned at (5.15) [recalling m;(®) = m;(®)], v1 := w1, V2 IS
dened at (5.13), and g is obtained from f by dividing by ®"1(®) and then setting ® = 0.
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Dene X%:= fx 2 X; : n1+(x) = m(®)g 6 ; for | = 1;2. Then, similarly, the
highest power m;(") of ~ dividing g is MiNy 2 x 0 N+1 (X);

ma()=mi( )i 1; (5.18)

and, with

X _
hi(T°) = Ag(x) e (T mOene

x2XJ9

i (N 2)°]70;

we have
ha(75°) " [T+ (Ni 1)°IN12h(T5°) (5.19)
for somepolynomial h.

The highest power m1(°) of ° dividing hi is miny,xon++ (x). Divide both sides
of (5.19) by °™(°) and set® to Oto nd that (5.14) holds for somepolynomial r, where
XP:=fx 2 XP2:nw (x) = my(°)g6 ;. O
Lemma 5.3. The identity (5.14) cannot hold.

Proof. It follows from (5.14) that n.;(x) , my(")+ N j 2for all x 2 X But then,
for any such x and somex®2 XJ,

na(x) , mi(C)+Nj 2
= my( )+ Nj 1 by(5.18)
= naa(x9+Nj 1
nis (x9 by the secondinequality in (5.5)

= mz(®)
= my(® + 1 by (5.16)
= N (X)+ 1
cortradicting the “rst inequality in (5.5). O

6 Imp ossibilit y of interruptible exact sampling (I 1)

Algorithm 4.3 succeedsn using N independert synchronized Markov chain trajectories
to carry out interruptible exact sampling. But the algorithm assumesthat ead of
the trajectories has not only (i) the same stationary distribution, but also (ii) the
sametransition matrix. In this sectionwe show (Theorem 6.1) that interruptible exact
sampling becomesmpossiblewhen assumption (ii) is dropped, no matter how ( nitely)
many trajectories are available.

Theorem 6.1. There is no interruptible algorithm in the passivesetting for obtaining
an observationexactly from the common stationary distribution of any nite number of
independentirr educible aperiodic Markov chains on N states.
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Proof. Let M denote the number of trajectories available. We rst prove the impos-
sibility of interruptible exact samplingwhen M = N = 2, then more generally when
N = 2 (regardlessof M), and nally for generalN .

For M = N = 2, we note that if

0< piz;p21< 1 and 0< ¥< 1=maxfpiz; p210; (6.1)
then
p = : 1i po2 P12 ! and Q= g 1i Y2 .1/1?312 !
P21 1i paa Yor  li Yp:
are irreducible aperiodic transition matrices with common stationary distribution
1= ! P21 P12 f )

P21+ P12’ P21t Pr2

Arguing asin the proof of Theorem5.1, if there existsan interruptible exactsampling
algorithm in the presert setting, then there existintegerk , 0, nonempty setsZ1 and Z,
of pairs

z= (X;y) = (X251 X5 Y1500t k)
of k-tuples from f 1;2g, and positive numbers A((z) (z 2 Z;, | = 1;2) sud that, when-
ever (6.1) holds,

p12f1 = paif2 (6.2)

where, using transition-count notation nj like that in the proof of Theorem 5.1,

X
f, = A(2)py 2P ppzt P12+ 2 (1 pyo)M a0 (1 pyy)z2t)

2227,
£1i Yu)"tW (A Yp)"2Y); =12 (6.3)

Using induction on the Y2degreeof the polynomial p12f1j p2if2 and Proposition A.1, it
is easyto shaw that (6.2) holds asan equality in the ring of polynomials in the variables
P12; P21; Y20ver the complex eld.

Forl = 1;2, let

m; = minf[ni2(y) + n21(y)] : z = (X;y) 2 Z; for somexg

denote the highest power of Y4that divides f|. Then, by (6.2), my, = m;. Divide both
sidesof (6.2) by 2"t and then set%to 0 to obtain

P12g1 = P21%; (6.4)

where

X
a:= A@PFYRRP0 p)"™ @ p)"; 1= 12

2270
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with Z2:= fz= (x;y¥) 2 Z; : n12(y) + n21(y) = mg 6 ;. But [cf. (5.5) with N = 2], if
Z=(X;y) 2 Z1[ Z>, then nyp(y) = dmy=2e and ny1(y) = bm;=2c. Dividing both sides
of (6.4) by pjy*=2°pdT1=2° e obtain the polynomial identity

p12h1 ~ poihz; (6.5)
where
X i N1z (X) N21(X)
ho= AP @0 p)" (L pan)" 2 1= 12 (6.6)
X2X |
with
X = fx :there existsy such that (x;y) 2 ZIOgS i =12
and, for x 2 X|, X
A(x) = Al(x;y) > 0
y:(x;y)2Zp

But (6.5) is the caseN = 2 of (5.4), which, as shown in the proof of Theorem 5.1,
cannot hold. This contradiction establishesthe theoremin the caseM = N = 2.

We leave to the reader the routine extension of the above proof to the case of
arbitrary M and N = 2. A sketch is that now there are M | 1 parameters %, but
by using the samesort of argumert for eat % in successiorthat we usedabove for %2
one again obtains a contradiction of the form (6.5) [with A(x) > Ofor all x 2 X, 6 ;,
I=12].

We completethe proof of the theorem by showing that an algorithm for interruptible
exact sampling using M independert trajectories from chains with N , 3 states could
be corverted into one for two-state chains.

Indeed, while watching independert trajectories of M generic irreducible aperi-
odic two-state chains X1;:::, Xu with common (unknown) stationary distribution
Ya= (Ya;Ys), contemporaneouslyconstruct M independert irreducible aperiodic N -state
chainsYy1;:::;Ym by letting Y;(t) = 1 whenewer X;(t) = 1 and selectingan independert
uniform random value from f2;:::;Ng as the value of Y;(t) at ead time t suc that
Xi(t) = 2. The stationary distribution for ead Y; is (Va;¥%=(N i 1);:::;%=(N | 1)).
Applying the sizeN algorithm to Y1;:::;Ywm, supposethe output state is S° To "nish
the construction of the two-state algorithm, output S := minf S® 2g. O

Remark 6.2. (a) Any two-state chain is reversible, as are the chains Y; constructed in
the preceding paragraph. Thus Theorem 6.1 remains true even if we assumethat the
chains are all reversible.

(b) Similarly, as mentioned in Section 1, interruptible exact sampling from the sta-
tionary distribution is not possiblewhen one obsenesonly a single trajectory from an
irreducible aperiodic reversible nite-state chain.

(c) For N , 3 we do not know whether Theorem 5.1 remains true if one assumes

5

that the chain is reversible.
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A App endix: Polynomials

In this Appendix we establish two basic facts about polynomials; thesewere usedin the
proof of Theorem 5.1. Throughout the Appendix, we write F ~ G to indicate that F
and G are the sameelemert in the ring of polynomials (in somespeci ed nite collection
of variables) over the complex eld.

The rst fact is quite simple. For completenesswe include an elemenary proof.

Prop osition A.l. Let

X=(Xj:1-i-n 1] kj
be a double array of variables, wheen , Oandk; , 1for 1. i - g If F(x) is a
polynomial expressionthat vanisheswheneverx; , O for all i;j and }‘;lxij - 1 for

all i, thenF(x) " O.

Proof. Let K = P ", ki. The proof is by (strong) induction on - 5 K + degF, for
which (if F is not the zero polynomial) the smallestpossiblevalueis ;. ; ,1+ 0= 0.
The basecase- = 0 of the induction is trivial.

For the induction step we may assumen ; 1 andk, , 1. Dividing the polynomial
F(x) by xn.k,, we can write

F(X) " Xnka F1(X) + F2(x9 (A.1)

for polynomials F; and F», wherethe variables collection x° excludesthe single variable
Xnk,- Setting xn:k, to 0in (A.1), we seethat F»(x9 is a polynomial satisfying the
hypothesis of the proposition; and (in obvious notation) K, = K j 1 and degF, -

degF, sothat -, < .. By induction, F2(x% ~ 0, and so from (A.1) we now have
F(X) " Xnk, F1(x). But now K1 = K and degF; = degF j 1, sothat -; = - 1, and
oneseeghat F1(x) satis es the hypothesisof the proposition. By induction, F1(x) = 0;
we concludethat F(x) ~ 0, asdesired. O

As is well known (e.g, [4], Chapter 4), for any n , 1the ring C[Xq;::: ;Xn] of poly-
nomials in the variables x1;::: ; X, over the complex eld C is a unigue factorization
domain. This meansthat every nonzero polynomial in C[x1;::: ;X,] can be written
uniquely (up to complex scalar multiples) as a (possibly empty) ~nite product of irre-
ducible polynomials. (A polynomial is said to be irreducible if it cannot be factored as
the product of two nonconstart polynomials.)

Lemma A.2. The polynomial wy [i.e., the polynomial in the (N j 1)? variablesp; with
i;j 2[N]andi 2f1;jgdenedin Section 3.1] is irr educible over the complex eld.
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Proof. The proof is by induction on N. For N = 1, the polynomial w; = 1 (in no
variables) is certainly irreducible. For N = 2, the polynomial w; = pp; in the single
variable py; is irreducible. To carry out the induction step for N 3, we will use
another induction, on I, to prove the following claim.

5

Claim. For3- |- N + 1, let y; denote the polynomial in (N j 1)2; (N + 1j 1)
variables obtained from w; by setting pmy to Oforl - m - N. Then vy is irreducible
ford.- |- N+ 1

To prove the claim, we begin by noting that y3 has the factorization
ys~ pa!2; (A.2)
where the polynomial
Po="1o((pj :2- §;j - N andi 2f2;jqg)

is obtained from the polynomial w; for the state space[N j 1] by changing ead variable
name from p; to pi+1j+1. By the induction hypothesisfor our N -induction, !  is irre-
ducible. Sincepy; is clearly irreducible, we concludethat (A.2) is a prime factorization
of Y3.

We now treat the basecasel = 4 of our I-induction. Obsene that y, 6 0 (consider,
e.g.,thetreeN! N 1! ¢¢¢2! 1) andthat y, is linear in ps;. If y4 is reducible,
then we can write

ya  (Q1P31+ G2)0s; (A.3)

whereg; is a polynomial free of the variable ps31 (i = 1;2;3) and g3 is nonconstan. If we
now setps; to 0in (A.3), the resultisys = @203. From the prime factorization (A.2) we
concludethat either pp; or ! , divides gz. But this is wrong: (i) p21 doesnot divide gs
becauseit clearly doesnot divide y, (consider,e. g.,thetree N ! N j 1! ¢¢¢4!
21 3! 1), and (ii) ! 2 doesnot divide gz because(we claim) it, too, fails to divide y;,.
(Indeed, setting pm2 to O for 3- m - N causes! ;|but clearly not y4|to vanish.)
From this contradiction we concludethat vy, is irreducible, establishing the |-induction
basecase.
For the I-induction step, let | , 5. If y; is reducible, then we can write

yi © (hapij 11+ h2)hs; (A.4)

where h; is a polynomial free of the variable pj; 1.1 (i = 1;2;3) and hz is nonconstart. If
wenow setpy; 1.1 to 0in (A.4), theresultisy; 1 © h2hs. By the I-induction hypothesis, it
must be that hs is a nonzerocomplex scalar multiple of y;; 1; from (A.4) we then deduce
that yj; 1 divides y;. But this is wrong, becausesetting pny to Ofor 2- m - [j 2
causesy|; 1|/but clearly not y|to  vanish. From this cortradiction we concludethat vy,
is irreducible, completing the |-induction.

Finally, setl to N + 1in the claimto nd that w; = yy+1 is irreducible, completing
the N -induction and the proof of the lemma. O



