DESTRUCTION OF VERY SIMPLE TREES

JAMES ALLEN FILL, NEVIN KAPUR, AND ALOIS PANHOLZER

ABSTRACT. We consider the total cost of cutting down a random rooted tree
chosen from a family of so-called very simple trees (which include ordered trees,
d-ary trees, and Cayley trees); these form a subfamily of simply generated
trees. At each stage of the process an edge is chose at random from the tree
and cut, separating the tree into two components. In the one-sided variant
of the process the component not containing the root is discarded, whereas in
the two-sided variant both components are kept. The process ends when no
edges remain for cutting. The cost of cutting an edge from a tree of size n
is assumed to be n®. Using singularity analysis and the method of moments,
we derive the limiting distribution of the total cost accrued in both variants
of this process. A salient feature of the limiting distributions obtained (after
normalizing in a family-specific manner) is that they only depend on a.

1. INTRODUCTION

Consider the following process on a rooted tree with n vertices. Pick an edge
uniformly at random and “cut” it, separating the tree into a pair of rooted trees;
the tree containing the root of the original tree retains its root while the tree not
containing the root of the original tree is rooted at the vertex adjacent to the edge
that was cut. In the one-sided variant of the problem the tree not containing the
original root is discarded and the process is continued recursively until the original
root is isolated. In the two-sided variant the process is continued recursively on
each of the rooted trees. Assume that the cost incurred for selecting an edge and
splitting the tree is t,,. In this paper we derive the limiting distribution of the total
cost accrued when the tree is a random very simple tree (defined below) and ¢,, = n®
for fixed a > 0, for both the two-sided variant (Theorems 4.4, 4.6,and 4.7) and the
one-sided variant (Theorem 5.1). A salient feature of the limiting distributions
obtained (after normalizing in a family-specific manner) is that they only depend
on a.

In the one-sided variant, the case ¢, = 1 (i.e., & = 0) corresponds to the num-
ber of cuts required to disconnect the tree. For this random variable, Meir and
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Moon [13] derived the mean and variance for Cayley trees; Chassaing and Mar-
chand [2] derived the limiting distribution for Cayley trees. Panholzer obtained lim-
iting distributions for non-crossing trees [16] and very simple families of trees [15].

Recently Janson extended these results to all simply generated families [10].

The interest in the two-sided variant stems from the fact that when the very
simple family is Cayley trees, the process is equivalent to a probabilistic model
(the “random spanning tree model”) involved in the Union-Find (or equivalence-
finding) algorithm. Knuth and Schénhage [12] derived the expected value of the
cost in the cases (among others) t,, ~ ay/n and t,, = n/2. These results were later
extended [11] to the cases ¢, = n® when a > 1/2 and ¢, = O(n®) when a < 1/2.
(Some of these expected values were rederived using singularity analysis in [4].)
In [3], Chassaing and Marchand derive limit laws for the costs considered by Knuth
and Schonhage.

We treat both variants of the destruction process using singularity analysis [3],
a complex-analytic technique that relates asymptotics of sequences to singularities
of their generating functions. We rely on applicability of singularity analysis to the
Hadamard product (the term-by-term product) of sequences [1] and the amenability
of the generalized polylogarithm to singularity analysis [7].

The organization of the paper is as follows. In Section 2 we define families
of very simple trees, noting the key “randomness-preservation” property that is
crucial for the application of our methods. Section 3 establishes notation and other
preliminaries that will be used in the subsequent proofs. In Section 4 the two-sided
variant is considered, and Section 5 deals with the one-sided variant.

Notation. In the sequel we will use In to denote natural logarithms and log when
the base of the logarithm does not matter.

2. VERY SIMPLE TREES

An ordered tree is a rooted tree in which the order of the subtrees of each given
node is relevant. Given a sequence (¢;);>o of nonnegative numbers (called a degree
generating sequence) with ¢ = 1, a simply generated family F of trees is obtained
by assigning each ordered tree T the weight

w(T) = H bd(v)s
veT
where d(v) is the outdegree of the node v. Let F, denote the set of trees in F
with n nodes, and let T,, denote the weighted number of trees in F,, i.e.,

T, = Z w(T).

TeFn

A random simply generated tree of size n is obtained by assigning probabil-
ity w(T')/T,, to the tree T € F,,. Many combinatorially interesting families such as
(unweighted) ordered trees, Cayley trees, Motzkin trees, and d-ary trees are simply
generated. It is also well known that simply generated trees correspond to certain
conditioned Galton-Watson trees; see the introductory section of [10] for the pre-
cise connection. It is well-known that the generating function T'(z) := > o, Tp2"
satisfies the functional equation -

T(z) = 22(T(2)),



DESTRUCTION OF VERY SIMPLE TREES 3

where ®(t) := >, ¢xt" is the degree generating function of the family. For
further background on simply generated trees we refer the reader to [14].

In this paper we consider the subclass of simply generated families, called very
simple families, that, among simply generated families, are characterized by the
following property.

Choose a random simply generated tree from the family F,, and then one
of its n — 1 edges uniformly at random. Cutting this edge produces a pair
of trees of size k (the one that contains the root) and n — k, as described
in Section 1. Then the subtrees themselves are random simply generated
trees from the family Fi and F,,_k.

It is clear that the “randomness-preservation” property of very simple trees al-
lows a simple recursive formulation [see (3.1) and (3.12)] of the total cost of de-
stroying such a tree.

Panholzer [15, Lemma 1] characterized the degree generating functions of very
simple trees; the relevant constraints are summarized in Table 1.

2.1. Singular expansions. As is usual for treatment of simply generated families,
let 7 denote the unique root of t®'(t) = ®(¢) with 0 < t < R, where R is the radius
of convergence of the series ®. Let p := 7/®(7). Let Z := 1—p~1z, and let A denote
a generic power series in Z, possibly different at each occurrence. Then as z — p,
the dominant singularity for T'(z), a singular expansion for 7" is [9, Theorem VII.2]

(2.1) T(z) ~ 1 —bp/2ZY% 4 ZA+ 232 A,

where b := ®(7), /7%(7)' immediately from singularity analysis that

(2.2) T, ~ cp " n =321 + n~IN),

where ¢ := bp'/2/(2y/7) = [®(7)/2x®" (7)]'/2. In the sequel we will also use
D" ()

2.3 2 =72 :

(23) SR TCy

Differentiating the expansion (2.1) term-by-term [4, Theorem 6] we get

b
T/(Z) ~ §p71/2271/2 —|—A+Z1/2A

Since z = p — pZ,
(2.4) 2T (2) ~ gpl/“‘Z*l/2 + A4 ZV2A,

The constants ag and a; described by Table 1 are fundamental constants for our
analysis; see especially (3.2). Using (2.1) and (2.4) we get

b
(2.5) 1+ 2aoT(2) + a12T"(z) ~ al,ol/QiZ*l/2 + A+ 224
and
1—a1T(2) ~ (1 —a17) + aybp*/? 22 + ZA+ 732 A.
It is easily verified that for each very simple family 1—a;7 = 0 (this fact will be used

numerous times in subsequent calculations), so that the constant term vanishes in
the singular expansion of 1 — a17'(z). This leads to

2[1 — a1 T(2)] ~ p*2a1bZ Y + ZA+ Z3/2 A
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and consequently

(2.6) 2L —aT(2)] ™~ p 3207 272 A4 22 A
We will also need
1 b 1/2
(27) m NT_1+€_7221/2+ZA+Z3/2A,

which follows from (2.1).

3. PRELIMINARIES

Throughout, £ denotes equality in law (or distribution) and £, denotes con-
vergence in law. Recall that the Hadamard product of two power series f and g,
denoted by f ® g, is the power series defined by

(fO9)2) = [(2) ©g(2) ==Y fagn2"

where

JE = fa2" and o g(z) =) gn"

3.1. Two-sided destruction. The cost of cutting down a very simple tree of
size n, call it X,,, satisfies the distributional recurrence

(3.1) Xo E X, 4 Xi g +tn, n>2 X =t,

where t,,, for n > 2, is the toll for cutting an edge from a tree of size n. Here K,
the (random) size of the tree containing the root, is independent of (X;);>1 and
(X ]*) j>1, which are independent copies of each other. The splitting probabilities are
given by

Tk Tn— k

(32)  PrlKn =k = pug = (arh + a0) o=y

k=1,...,n—1.

Table 1 gives the constants a; and ag for each type of very simple family; see (14)-
(16) in [15]. Here a; = ¢i41/¢i, ¢ = 0,1, where (¢;);>0 is the degree generating
sequence of the simply generated tree. It is easy to check that family A is Cayley

Family Generating function Constraints ay ao
A eot o 0
B (1+24)4 d>2 ap L 20
C [1— (201 —ap)t] 221=20 207 —ap >0 200 —(204 — )

TABLE 1. Generating functions for very simple families. For each
family, ap > 0 is also a constraint.

trees, family B is d-ary trees, and family C contains unweighted ordered trees. (As
it turns out, the distributional recurrence for Cayley trees is identical to the one
obtained for the Union-Find process studied in [12, 11, 1]—see Remark 4.3 below.)
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Define ,Af} := E X;. Taking sth powers of both sides of (3.1) and taking expec-

tations by conditioning on K,,, we get

(3.3) an e+l )+l >,

s S s s s
(3.4) 7"7[1] = Z <31 . 33>t 1 an k,u[ QJMLJ]M

S1+82+83=s k=1
52,53<8

and u[ls] = t]. Define generating functions

[S] Zu T,2" t(z) := Ztnz”, T(z):= ZTnzn.

n>1 n>1 n>1

[Observe that ul%(z) = T(2).] Multiply (3.3) by (n — 1)T,,2™ and sum over n > 2.
The resulting left side is

S = DTz = 3 (0= DTl = 20,40 (2) — 1 (),
n>2 n>1

where 0, denotes derivative with respect to z. Similarly, the resulting first term on
the right side is

a [z <8Zu[s] (z)) T(z) + 21" (2)ul?! (z)} + 2a0ul® (2)T(2).
The resulting second term on the right side is

rl¥l(z) = Z(n — V)T, rl¥l = Z(n — )T, rl¥m

n>2 n>1

(3.5)
= Z ( § >t®81 () ® [alz (8»2#[82](2)) 11531 (2) + agul*! (Z)/L[SS'](;;)} .

51,82, S
S1+459+53=5 1,992,953
52,53<S

Thus (3.3) translates to

20l (2) — bl (2)
= a |2 (0:41(2)) T(2) + 2T (2)ul)(2) | + 20061 ()T (2) + 71 (2),

(3.6) 0.1l (2) + p(2)ull(2) = g¥(2),
where

 142a0T(2) + a12T"(2)
(8.7) p(2) == z([Jl —a1T(2)]
and
(:5) §l(z) = - )

2[1 — a1 T(2)]’
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with [*1(0) = 0. By variation of parameters (see, for example, [1, 2.1-(22) and Prob-
lem 2.1.21], the general solution to the first-order linear differential equation (3.6)
is given by

(3.9) ull(2) = A (2) exp [— / p(t) dt] ,

where

(3.10) All(z) = /0 Zg[s](t) exp [ / t p(u) du} dt + fs,

with zg chosen as follows and (s an arbitrary constant.

The integrand p(z) defined at (3.7) and appearing in (3.9)-(3.10) is asymp-
totic to —1/z as z — 0 and has [see (4.1) below] another singularity at z = p.
In (3.9)—(3.10) we may choose (and fix) zg arbitrarily from the punctured disc of
radius p centered at the origin. Then, in (3.10), as ¢ — 0 we have

o[ s - (e [ oo 2]

~ exp {—lnt%-lnzo +/t [p(u) + H du}

20

0
1
~ zpet™!, where a := / [p(u) + } du,

zZ0 U
whereas, using (3.8) and (3.5),

[s]
risi(t s
gl°! (t) ~ 7; ) ~ Tgrg]t;

thus the integrand in (3.10) has no singularity at t = 0.
Now we obtain the particular solution of interest, using the boundary condition
plsl(z) ~ 3Ty 2 as z — 0. We find the constant f, is specified in terms of zy as

(3.11) ﬁs = ZoeatiTl.
Remark 3.1. One can check for each very simple family that

ag + ay
(bl(t) - 1 —+ aot

(1),

and for any simply generated family that

(T (~
T'(z) = | _ Y TCNTE)
S(T(=))
Thus
o(T(2)) a1 T(z)

1+ 2a0T(2) + 1~ (ke TG

14+aoT(z)
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This leads to

z T(z) 1 alT (a() +a1)T
/Z“ T() T(1 = aT) 1 leota)T 1+aoT

T(z) a a
- _/T<z0> (7+ Ted T Toam) T
[ 1—a1T(z) ] I [ 1—a1T(z0) ]
T(2)(1 + aoT(2)) T'(20)(1 + aoT'(20))

and finally, again using the boundary conditions on p!*l(z) as z — 0, to the following
explicit form of (3.9):

[8]( ) — T'(2)[1 + aoT'(2)] © ) 1—a\T(t) s
W) = =T T { /0 9O T+ a0l 0] dt”l}'

3.2. One-sided destruction. Here, the cost of cutting down a very simple tree
of size n, call it Y,,, satisfies the distributional recurrence

=1In

where t,, for n > 2, is the toll for cutting an edge from a tree of size n and the
splitting probabilities are given by p, i at (3.2).

Defining u[rf] = EY;?, one obtains from equation (3.12) by conditioning on K,
the recurrence relation

n—1
(3.13) p =N paap + 8, n>2,
k=1

where

n—1
S s s S
e 2 ()8 Rt
k=1

S1+s2=s,
§0<8

and ,u[ls] = t;. Using the same notation as in Section 3.1, we obtain the following

differential equation by multiplying (3.13) by (n—1)T,2" and summing over n > 2:
201 (2) — b (2) = T(2) (12007 (=) + agul™ () + 719 (2),

where
(3.14)  rblz)= ) (;1>t681(z) ® [T(2)(a120.152)(2) + aoul*?!(2))].
s1+s2=s,
This can be written as
(3.15) 0.1 (2) + p(2)ul (2) = g1 (2),
with
o 1+ aeT(z) s o rls)(2)
(3.16) p(z) == —m and  gl¥l(2) := T —al)

One can check that for each very simple family, p(z) = —0, In(T'(2)), so that we
obtain as general solution of the first order linear differential equation (3.15):

ey — g |7 900 .
W) =7(e) [ Gdd+ O,
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and finally by adapting to the initial condition 5‘Z,u[51(z)|z:0 = Tl,u[ls] = Tht3, that
the integration constant is given as C' = t{. Therefore, we get

2 gl
(3.17) Wlol(2) = T(2) /0 gT(g)dt—kt“{T(z).

4. TWO-SIDED DESTRUCTION
We begin by obtaining a singular expansion for p(z) at (3.7). Using (2.5)
and (2.6) in (3.7) we get

-1
(4.1) p(2) ~ J’Tz—l +Z7 V2 A+ A

Integrating this singular expansion term-by-term [4, Theorem 7],

z 1
/ p(t) dt ~ —§1nZ*1 + A4+ ZV2A.

20

(4.2) exp [—/ p(t) dt] ~EZTYV2 L A4 2V 4,

where
-1

P
(4.3) €:=(1—ptz)?exp {/ [p(t) + %(1 - plt)l] dt} :
Taking the reciprocal of (4.2) gives
(4.4) exp [ / p(t) dt} ~ETIZVE L Z A+ 232 A

Let us now consider two-sided destruction with the toll ¢, = n®, with a > 0.
(Notice that the case o = 0 is trivial since then the total cost of destruction is simply
the number of edges in the tree, which is always n—1.) The toll generating function
t(z) is the generalized polylogarithm Li_, ¢(z), which is amenable to singularity
analysis [7, Theorem 1].

4.1. Expectation. Now we obtain a singular expansion for r!!] (z) defined at (3.5),
recalling that pl%(2) = T'(2):
(4.5) r(2) = t(2) @ [a12T" (2)T(2) + aoT?(2)).
Using (2.1) we conclude that
T?(2) ~ A+ 212 A,
and using (2.4) that

(4.6) a1 2T (2)T(2) + agT?(2) ~ plﬂgz*/? + A+ ZY2A.

We will use the Zigzag algorithm of [4] to obtain a singular expansion for rll (2).
We recall the use of the notation N to denote a generic power series in 1/n, possibly
different at each occurrence. By singularity analysis,

b n71/2

~3/2
2 Vr +n N.

A7) P aeT ()T(:) + aoT(2)] ~ pM2
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Thus

1
1/2bna 2

(48) N (z) ~ + 0N

Until further notice, suppose o ¢ {%, %, ...}. Then a compatible singular expan-
sion for 7'(2) at (4.5) is obtained as

a+ L
(4.9) ril(z) ~ pl/QbF(z\/;z)

Z707F 4 270 AL A
Recalling (3.8) and (2.6) we have

T o+ %)
p 27

Using this expansion and (4.4),

(4.10) g (z) ~ 270 L 77 s A A+ 272 A+ A

Z I‘(a + l) 1 1
1] / l 2 —a—3 —a —a+3 1/2
g (2) exp ptdt}w —=7 2+ 77 A+ Z A+ A+ Z A
By (3.10) and Theorem 7 of [4], we may integrate this expansion term-by-term to
get a complete singular expansion for A. If a & {1,2,...}, we have

1
Al(z) ~ Tla—3)
& 2w
where Ly is a constant. [The value of Ly is immaterial unless 0 < o < 1/2, in which
case see (4.14).] On the other hand, if o € {1,2,...}, a logarithmic term appears
upon integration, so that
7 — %)

Al v L2272 gmats | goatl g et 4 L KyInZ7}
(2) N + A+ A+ Koln )

where Ky is a constant. Combining these expansions with (4.2), we finally obtain
[recalling (3.9)]

Z—a+% + Lo —I-Z_O‘—H.A—f— Z_OH_%.A—FZA-FZB/Q.A,

P(a - 3)

2ym
when o € {1,2,...} and
(4.12)

(4.11) pM(z) ~ 7 274 Lo Z VP 775 A4 7270 A+ Ay 212 A

L(a—3)
2T
when « € {1,2,...}. Note that the remainder in (4.12) is O(|Z|=**2) unless o = 1,

in which case it is O(|Z|~2 In Z~1) = O(|Z|~2 ) for any € > 0.

When o > 1/2 and a ¢ {1,2,...}, by singularity analysis we have
Dla—3)
o/l (a) "
so that, recalling (2.2) and (2.3),

F(Ot—%) oz+% « afé
7ﬂF(a)n +nN +n* 2N +nN.

() ~ 7 Z7 4 27T A4 27N A4 272 Z YA+ (InZ A

T, ~ 7 Ly n@ 8N 4+ n® 2N 4+ 12N,

Wi~ o
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When « € {1,2,...}, starting from (4.12) and the note following that display, we
can similarly derive the expansion

F(OZ— l) atl a
pltl = UT@&Q)H 2 4+ 0(n®) + O(nlogn).
When 0 < @ < 1/2, a similar computation yields
Lo Da—14) .. 1

4.13 1~ 2%y 1y 22not2 4 nON +n 2N 4+ N,
(4.13) !~ VaT(a)
where

P t
(4.14) Lo := / gt () exp { / p(u) du} dt + B,

0 20

with p and g!¥ defined at (3.7) and (3.8), respectively, and & and £; at (4.3)
and (3.11), respectively.

When a € {%, %, ...}, one can check that logarithmic terms appear in the singu-
lar expansion compatible with (4.8) but the lead-order term and asymptotic order
of the remainder are unchanged. Indeed, now

I'a—1) .
4.15 (1] — 72z—a 9] Z_Oé.i_E
(419) pll(e) = =227+ 0(12) )
and consequently
F(a - 1)
[1] — a+2 + O
Finally we consider o = 1/2. NOW a compatible singular expansion for (4.8) is
p'/?b

rl(z) ~ 2fZ + (log Z) A + A.
Proceeding as in the case « # 1/2 we have the singular expansions
gW(2) ~ =232 4 77 A+ (272 M0g Z) A+ Z7 V2 A + (log Z) A,
2py/

z

gM(2) exp [/ p(t) dt] ?FZ + 773 A+ (log Z)A+ A+ (Z2Y%1og 2) A,
Z0

Al (2) ~ 22% nZ '+ L+ ZV2PA+ ZA+ (Zlog Z) A+ (Z3/%og Z) A,

™

where

P t
— 1) T L g
(4.16) L, := /0 {g (t) exp [/ZO p(u) du} & 2ﬁ(1 p t)} dt + 3.
This leads to

al(z) ~ ﬁz*“ InZ '+ E0,Z7V% + (log Z) A+ A+ (2% 1og Z) A+ ZV/2 A,
so that by singularity analysis and (2.2) we have

(PO TP 2 A n
(4.17) s mnl n—i—[ f+\ﬁ(7+21 2)}71

+ (% logn)N + (logn)N + N,
where o is defined at (2.3).
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4.2. Higher moments and limiting distributions. We proceed to higher mo-
ments. We will consider separately the cases a > 1/2, a < 1/2, and o = 1/2.
We present the details for o > 1/2 and sketch the main ideas for the other cases.
Throughout o/ := a + 3.

Proposition 4.1. Let o > 1/2 and ¢ > 0. Then

W(z) = C.Z7o 5y O(1Z| 7> Hit),

where
min{a — 1,1} ifa#1
q:=19, .
5 —¢€ ifa=1
with
Do —3)
Q=T
and, for s > 2,
(4.18)
s—1
19, 1 s 1 I(sa/ — 1)
Co=p V2t | —— ko' — = ) CLC,— _— —C,_
r sa’ —1 I; k ¥ g ) Okt STF((s — 1)’/ — ) !

Proof. The proof is by induction on s. The claim is true for s = 1 by (4.11), (4.12),
and (4.15). Suppose s > 2. We analyze each term in the sum for 7[*!(2) at (3.5).
If both so and s3 are nonzero, then by the induction hypothesis,

1 /a1 .
Zazﬂ[sz](z) = Cs, (520/ - 2) Z72 "2 4 O(| 7|52 —3ta),

so that

1 / /
= (0une)) ) = € (sna = 5 ) 2700 oz mnten,

Also, pul521(2)ul*3) (2) = O(| 2|~ (s2Fs9)0"+1) Hence

arz (0:4(2) ) 1) (2) + a0 (2)ul*) (2)
— w,0.,C, (820/ - D 272090 g O(| | ptss)era),

Taking the Hadamard product of this expansion with t®%1(z) (using the Zigzag
algorithm again) gives the contribution of such terms to r[*/(2) as

s 1\ T(sa/ —2) ;s L e
C,, C, r_ - —QZ*(soz -3 19) Z,(Sa —21)4q .
(31752, 33) e e (SQQ 2> I'((s2 + s3)) >+ 0(]7] 2)74)

Notice that if s; # 0 the contribution is O(]Z|5%'+2).
Next consider the case when ss is nonzero but s3 = 0. By the induction hypoth-
esis and the singular expansion of T at (2.1),

1 ’ 1 ’ 1
z (3Zu[52](z)> T(z) =7Cs, <520/ — 2) Z72 72 4 O(| 7|52~ 2t
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Also pl*2)(2)T(2) = O(|Z|~2*'*2). Hence

a1z (82M[S2](2)) T(2) + aoul®?! (2)T(2)
1 r_ 1 r_ 1
=C,, (520/ — 2) Z7%2% "2 4 O(|Z|7%2> 2 1),

Taking the Hadamard product of this singular expansion with t©%1(2) we get that
the contribution to r*l(z) from such terms is

/sy 1 s /s
(S)C@(wa“‘l>rwa2?7“2—“4—5+%%+ouzr““—%+b+ﬂ.
s1 2 [(s20/ + 3)

Notice that s; > 1 and that when s; > 1 the contribution of such terms is
O(|Z|7='+2).

We move on to the case when sy = 0 but s3 is nonzero. By the induction hypoth-
esis, (2.1), and (2.4), we have T(z)ul®!(2) = O(|Z|7*2% *2) and 2T"(2)ul*sl(z) =
O(|Z|=3*"). Thus

alzT/(Z)u[sz} (2) + aoT(z),u[SS] (z) = O(‘Z|—53a').

Taking the Hadamard product with t®%1(2) we see (recalling s; > 1) that the
contribution to r[*!(z) from these terms is O(|Z|~5'*z).
Finally we consider the case when so = s3 = 0. In this case, using (4.6) it is easy
to verify that the contribution to 7*/(z) from this term is O(|Z| 5" *2).
Summing all the contributions we see that

(4.19) rl(z) = Dz 4 0( 77" ),

where

[0 (-

Thus, using (3.8) and (2.6),

[

gl(2) = p e b7 D, 27 T 4 Oz TR,

whence, using (4.4),
g"l(z) exp V p(t) dt} = & p a6 D2 4 O(| 2] ).
20

To get Al*](2) at (3.10) we integrate this singular expansion, noting that since s > 2
and o/ > 1, we have sa’ > 2. Hence

Dy

Als] (2) = f‘lp_l/Qaflb_l / Z—sa'+1 + O(|z|—sa’+1+q).
sa’ —1
Now by (3.9) and (4.2),
M[s](z) :p_l/zaflb_l D, Z—so/+é +O(‘Z|—sa’+%+q)_

sa’ — 1
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Taking
D
sa’ — 1

::p_”%fll§é<s><kah-;>chcgk+STKS_1ﬁM_'5F@anS11

Cs — p_l/zaflb_l

so/ — 1 k L((s— Do/ + %)
s—1
—1/23— 1 s 1 T(sa/ — 1)
— 1/27-1 /
=p b ( ) (ka — ) CrlCs—p +5T—————-Cs_
lsa’ -1 ; k 2 I'((s—1)a' — %)
completes the proof. O

Using singularity analysis we can now derive asymptotics for the moments uf I,

Theorem 4.2. Let a > 1/2. Then, as n — oo,

’
o Sn 5 :U’Ef] — My,

where 02 := 72 q;((:)) and mg (which does not depend on the very simple family) is
given by
_Ta-3)
T AT (a)
and, for s > 2,
(4.20)
1 22 s\ Dka! = HT((s — k)e/ = 1) sT(sa/ — 1)

V2D(sa/ — 1)

2

Proof. Using singularity analysis and Proposition 4.1,

sa'—2
MIT, = Gy £ O 3
p :u'n, n SF SO[I - %) ( )7
and using the asymptotics of T, at (2.2),
C ’ !
[s] — S sa sa’—q
My = +O(n ).
cI'(sa’ — 3)
Then
O,fsnfso/'ugf] — My,
where
Cs
(4.21) ms:=0 ° —
cl'(sa/ — 3)

Thus, using 2\/mco = /27,

Cl _ F(O[ — %)
coT'(a)  /2T(e)
Using (4.18), (4.21), and the identities

1

1
ﬁ, 0'71’7—[771/21)71 = ﬁ, F(m =+ 1) = .T].—‘(I'),

my =

cp~1/2p1 =
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we obtain the following recurrence for my:
(4.22)

s—1 1 , 1
1 s\ L(ka’ + 5)I((s — k)a’ — 5) sI(sa/ — 1)
ms = 2\/77— ; (k) (SO/ _ 1)F(sa/ — %) MmEMs—f + \/il‘(so/ _ %)ms—l.

To obtain the form of the recurrence in (4.20), write (4.22) in the form
1 s—1 1 s—1
ms = ﬁ kz:les,k +es = N 1(es,k + es,s—k) +es

>
Il

and simplify. ([

Remark 4.3. In going from (4.22) to (4.20) we symmetrized by collecting coefficients
of mgms_. We might also have symmetrized from the start by choosing the
splitting probabilities as

. 1

Pn.k = i(pn,k +pn,n—k)~
In the particular case of Cayley trees this leads to the same splitting probabilities
as for the Union-Find recurrence studied in [12, 11, 4].

We can now show convergence in distribution via the method of moments.
Theorem 4.4. Let a > 1/2. Define 0% := 720" (7)/®(7) and o/ := a + 1. Then,
asn — oo,

o_ln_a/Xn £, X
with convergence of all moments, where X(®) has the unique distribution whose sth
moment ms = mg(a) is given by

Ma-3)

1= ——

V2T ()
and for s > 2 by the recurrence (4.20).

Proof. One need only check that the my’s satisfy Carleman’s condition. This has
already been established in [6]. O

Remark 4.5. Tt is curious that o~ 'n~% X,, has the same limiting distribution as
on~ Z | T,
veTl
Here T is a random simply generated tree and |T,| denotes the size of the tree

rooted at a node v. This was established in [5].

For the case 0 < aw < 1/2 it is convenient instead to consider the random variable

_ Lo§
a NG
[Note that, by (4.13), un is the lead term in the asymptotics of E X,, when a < 1/2.]
Using (3.1),

X’n =X, — un,

(4.23) Xo EXp, + X+t n>2  Xy=t —p
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Define [LE] = E)?ﬁ and
Az = 3 AT,
n>1

Then, in analogous fashion, (3.5)-(3.10) hold with ul*!(2) replaced by fil*l(2).

Observe that, by (4.11),
M(a—1)

2y
We can use (4.24) and (3.5)—(3.10) to show that Proposition 4.1 holds for oo < 1/2

with u!*!(2) replaced by fil*l(z) and ¢ changed to 2a — ¢, for sufficiently small € > 0.
It follows then that X,, — un has (after scaling) a limiting distribution.

Theorem 4.6. Let o < 1/2. Define 0% := 729" (7)/®(7) and o/ := a + L. Then,
asmn — oo,

(4.24) all(z) ~ 7 2704 (270 4 27Ty 14 ZV2) AL

o 'n (X, — pun) £, x(@),
with convergence of all moments, where X(®) has the unique distribution whose sth
moment mg = mg(a) is given for s =1 by
Lo —3)

V2I(«)

my =

and for s > 2 by the recurrence (4.20).

Finally we turn our attention to the case « = 1/2. Now, we define
i g . le
X, =X, — —nlnn —dn with § := ——I—— +2In2
or sz );

with Ly defined at (4.16). Then [cf. (3.1)]
Xn é )’ZK” + 5(:;:7[{” + tn,Kn7 n > 27
with )?1 =1-46and
tn g = 7 ﬁnl/Q
Vo z

As in the case a < 1/2, it is easily checked that (3.5)—(3.10) hold with pl*(2)

replaced by jil*l(z) and k! at (3.4) replaced by

(4.25) GREE Y <Sl o 53) an et i

S1+82+83=s
82,53<8

|]<:1nk+ (n—k)ln(n—k)—nlnn+

The limiting distribution is given by the following result.
Theorem 4.7. Asn — oo,

afsnfsﬂgf] — My,
where mg =1, my =0, and for s > 2,

I'(s—1) s 1\
Mg = ————— — Mgy Mgy Jo1 65,53
2yl (s — 3) 2 <31,32,53> <\/27T> A

s1+s2+s3=s
52,53<S
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with
1
o1 ,50,85 1= / [rInz 4+ (1 —z)In(1 — x)]slmszfé(l - :17)537% dz.
0

Consequently
o1n-1X, £ X0/,
where X(Y/2) has the unique distribution whose sth moment is given by m.

Proof sketch. We provide an outline of the proof, leaving the details to the reader.
We claim that it is sufficient to show that

(4.26) PIT, = [Cs + o(1)n* "2,
with Cy = ¢, C; =0, and for s > 2,

1 T(s—1) ( s )( o )
s = ——————C - 032083J81,S2,83'
bypT(s—3) 81+Z 51,852,583/ \ V2w

So+s53=s
52,53<8

Indeed, defining m, := o~ *c'C, and proceeding as in Theorem 4.2 yields the
claim.

To show (4.26), we proceed by induction. The case s = 0 is easily checked, and
the case s = 1 follows from (4.17). For s > 2 we use the induction hypothesis and
approximation of sums by Riemann integrals in (4.25) to get

p"(n— V)T, ~ Dyn1,

s o\
D, = — | Cs,Cs; sy 55,55-
a1 Z <51,52783> (\/ﬂ) 2/8381,82,53

S1+82+583=s
52,53<8

where

Since we know a priori that 7*] (z) is amenable to singularity analysis it follows that
[cf. (4.19)]

ol(2) ~T(s)DsZ*
and completing the computations as in the proof of Proposition 4.1 yields the proof
of (4.26). O

5. ONE-SIDED DESTRUCTION

5.1. Expectation. We study equation (3.17) for the toll ¢, = n® with o > 0
and start by establishing a singular expansion for the expectation ,u[l](z). Since
pl%(2) = T(z), we have from (3.14) that

r(2) = t(2) © [a12T"(2)T(2) + agT?(2)],

which has already been considered in Section 4.1. In the remaining part of Sec-
tion 5.1, we suppose now « & {%, %, ...} U{0,1,2,...}. (The complementary cases
are covered in the proof of Theorem 5.1.) Then a compatible singular expansion
for rl1l(2) is available at (4.9). This leads to the expansion (4.10) for g'/(z) and

consequently, using (2.7), to
g[ll(z) N (o + %)
T(z) 20\

Zo b zmoms Ay 770 A+ 272 A + A
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Integrating the last expression gives the singular expansion

= 1] Dl + 1
g (1) (@+3),- —a+i —a+1 1/2
dt ~ VAR VA +zZ° +A+Z .
/0 T(t) 2a/T A A+A A

Now using (3.17), we obtain easily the desired expansion for ut(z):

[(5) — T(» 0] .
i) =10 [ G nr(e)

T(a+ 1) 1
5.1 ~ 27T gt Ay gt Z'2A.
(5.1) D/ + A+ A+ A+ A
Via singularity analysis, we thus get the following expansion for the coefficients:
D(a+ 1)
nrn (o) = pr i~ 2
p" 2" () = p" i T ENCIN RS
which together with (2.2) yields the full asymptotic expansion
1
(5.2) . otlets)
V2T (a+ 1)
with o defined at (2.3).

na—l + na—%N+ na—2N+ 77‘—3/2_/\[7
ntE 4 noN +n® TN + N,

5.2. Higher moments and limiting distributions. We state the main result of
this section:

Theorem 5.1. Let o > 0. Define 0 := 7 ‘1:1)/((:)) and o := a + 1. Then, for
[s]

toll function t, = n®, the moments w5, = EY,} satisfy the following asymptotic
ETPansion as n — oo:

s S'J so/ sa’ —
[n] = 25/2 H ja + +O(n q)’

with
yie 1_¢ if o €{0,1/2}
" | min{a,1/2} otherwise,

where € > 0 is arbitrarily small. Thus the normalized random variable Y,, converges
weakly to a random variable Y ()

oY, Ly @),

where Y®) has the unique distribution with (for s > 1) sth moment

Ms 23/2 H ]a +

In particular when a = 0 (i.e., t, = 1), Jn_1/2Yn converges weakly to a standard
Rayleigh distributed random variable Y(©) with density

2
fly)=ye /2, y>o.

In this case the asymptotics of ,ugf] can be sharpened to

lo® logn
[s] _ S0 \/77- 8/2 |:1 < g ):|
Pyy) = = +0 .
mgs/2p(sH) Vn
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Proof. We use induction on s. We begin with a > 0. Observe that it is sufficient to
show that the generating functions ul*!(z) admit the asymptotic expansions (5.3)
around their dominant singularities at z = p. Then, using singularity analysis, the
claim follows. What we will show is that

s—1
(53) :U’[g](z) = 25451

slo

(s0/ = PV

I1;_, T (o)

s—1
[ TG+ 3)

First we consider s = 1, where we 1mmed1ately obtain from the full expan-
sion (5.1) that (5.3) is true for all o ¢ {3,3,...}U{1,2,...}. If on the other hand
a € {2, 2,...} U {1,2,...}, then, repeating the computations of Section 5.1, it is

1 O] ),

where

Vs =

easily seen that logarithmic terms appear in the expansion of pl! (z). But apart
from the case a = %, they don’t have an influence on the main term or on the
asymptotic growth order of the second-order term. If o = %7 one observes that the
general formula for the main term holds, but the bound for the remainder term
is different: O(]log Z71]), not O(1). Summarizing these cases, the expansion (5.3)
holds for s = 1.

Next we assume that (5.3) holds for all 1 < s3 < s with a given s > 1. From (5.3)
follows the expansion

0 (e) = T o2 ),

VTP
which holds for all 1 < sy < s. Together with 1% (2) = T(2) and a;7 = 1, this
gives the following singular expansion:

T(2)(a120.11)(2) + aou!)(2)) =
10p' /22712 4+ O(1), $9=0
gf:;ii’:’/zﬂwzw’*% +0(j2]7= 751, 1< s <,

Under the assumptions s; + so = s and sy < s, we get via singularity analysis
the expansion

(21202 @ [T 0.0 2) + angl) )] =
enseTs 4 O(nso‘*l) s9=0
5\ _splos271 % st 52—1 . _
(51) 2(522'+1)2/2f H] 1 1“(1;2{ +1 )n + 22 + O(TL ), 1 S So < S.

Thus under the assumptions given above, the dominant contribution to 7[*(2)
is obtained when s = s — 1 and s; = 1, giving the expansion

slos—27 5 I'(ja')

272 /7 1L TG+ D)

which in turn yields the following singular expansion for r[*l(2):

(5-4) ril(z) =

pn[zn]T[s](Z) nsa’—l _|_O(nso/—1—q)7

8'0'5 2

25/2I%Z_sa +0(|Z] 7).
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Immediately from (3.16) and (2.6) follow the expansions

| +5—1
sl = 59 T g=sa’=% | O(|z|-5¢—3+a
g (Z) 2(5_;,_1)/2\/%[)75 + (l ‘ )
and
gkl(z) slos=1

_ —sa’'—1 —sa’'—14gq
) —2(5+1)/2ﬁp’ysZ 2 +0(|Z] aha),

Integrating leads to

N g[s] (t) _ 8!0—571 7so/+l 7sa'+l+q
/0 () " " gy -t ol
Using (3.17) and (2.1), we obtain (5.3) and Theorem 5.1 is proved for a > 0.

The case o = 0 has already been proved in [15], where the distribution has been
characterized by its moments. Therefore we describe only very briefly how to obtain
this result with the present approach.

One need only show by induction the singular behavior

(5.5) wl(z)
IImZ '+ A+ 0(1Z2"*1log Z7Y)), s=1,
= V207Z7Y2 + O(|log Z71?), s =2,
J=o° 26T VAR5 4 P2 27 T2 1 0|25 g Z7Y), s > 3,

The desired result then follows by applying singularity analysis and the duplication
formula for the I'-function.

To begin the proof of (5.5), first we remark that for s = 1 one proceeds as in
Section 5.1 and gets the full expansion

pl(z) = % InZ '+ A+ (Z2V%10g Z ) A+ ZV2 A+ (Zlog Z~ 1) A,

which of course gives (5.5) in that case. Assuming that (5.5) holds for 1 < s5 <'s
with a given s > 2, we have the singular expansion

, s N s
0.ull(z) = ﬁaéz—b(érl)/?r (%2 + 1) r (82;>Z—<62+1>/2
+0(|z= % log 27Y).

Under the restrictions s; + so = s and s < s, we obtain via singularity analysis
the expansions

P[] { ( 5 >t®sl (2) ® [T(2)(a120:052) (2) + aoul*)(2))] }

S1

for 1 < s < s. [For s3 = 0, an expansion is already available at (4.7).] Under the
given restrictions, the dominant contribution to r*!(z) is obtained when sy = s — 1
and we obtain the following singular behavior of r[*(2):

s 1 s—
rlel(z) = %5057225711“ (S;) r (%)275/2 + O(|ZﬁTl log Z1|).

™
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We proceed with
[s] ,
g¥(z) 1 =3 s+1 S\ ,,_ s+l _s/2 1
= ST I — T (= )Z Z~ % log Z
TG pm 5 )T(3)7 % +o( og Z7'|),

and, due to (3.17) and (2.1), integrating gives (5.5) for s > 2 and completes the
proof. O
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