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Abstract

In this paper we exhibit, under suitable conditions, a neat relationship be-
tweenthe Moore{Penrosegeneralizedinverseof a sum of two matrices and the
Moore{Penrose generalizedinversesof the individual terms. We include an
application to the parallel sum of matrices.
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1 Background and Main Result

In the late 1940sand the 1950sShermanand Morrison [11] [12], Woodbury [13],
Bartlett [2], and Bodewig [4] discoveredthe following result. As in [7], M., denotes
the spaceof complex-walued m x n matrices and, when m = n, this is shortened

to M,,.

Theorem 1 (Sherman{Morrison{W  oodbury) Fors<n,letA € M, andG € Mg
both be invertible, and let Y;Z € Ms. Then A+ YGZ* is invertible if and only if

G 1+ zZ*A-1Y is invertible, in which case

(A+YGzZH t=A1T-_A Y G+ z A YY) 1z* AL

The Sherman{Morrison{Woodbury (SMW) formula and related formulas are re-
viewed in Hendersonand Searle[6]. The SMW formula has beenusedin a wide
variety of applications; an excellert review by Hager[5] descrikes someof the appli-
cationsto statistics, networks, structural analysis,asymptotic analysis,optimization,
and partial di®erenial equations.

In 1992, Riedel [10] proved an analogousformula (Theorem 2) for some cases
where A is singular. All matrices, including singular and even nonsquarematrices,
have a Moore{Penrosegeneralizedinverse. Given a matrix A € Mp,.,, the Moore{
Penrosegenenlized inverseof A, denotedA', is the unique matrix in M, satisfying

the conditions



AATA = A (1)

ATAAT = AT; (2)
AAT is Hermitian, and (3)
A'A is Hermitian. (4)

In particular, if A = U8V* is asingularvalue decompsition of A (that is, if U € M,
andV € M, areunitary and 8§ € M., has8;; > 0for 1 < i < min(m;n) and
§i; = 0 otherwise)then it may be veri ed (by chedking (1){(4)) that At = V§fU*,

where 8T is de ned by

& ifi=jand§; #0

W W 0

§ T =
(. ]
0 otherwise.

Classicalreferenceson generalizedinversesare [3] and [9].

Theorem 2 (Riedel) Lets andn be positive integerswiths <n; A € M,,; G € Mg;
Y;Yp € Mps; Z;Z, € Mps. AssumeR(Y) C R(A), R(Yp) L R(A), R(Z) € R(AY),
R(Zp) L R(A*), G is invertible, Y, is of full rank, and Z, is of full rank. Assume
alsothat R(Y,) = R(Zp). Then

(A+ (Y + Y)G(Z + Z,)) = At —DZ*AT — ATYC* + D(G1 + Z*AlY)C;
whee C := Yu(Y,Y,) tand D := Z,(Z;Z,) %

The matrices (Y + Y,)G(Z + Zp)* in Theorem2 and YGZ* in Theorem 1 are

referredto asthe update matricesto the initial matrix A. A versionof Riedel'stheorem
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(Theorem 2) for the special casewherewe seekthe Moore{Penrosegeneralizednverse
of a rank-one update to the initial matrix canbe found in [9].

Riedel veri es Theorem 2 by chedking conditions (1){(4). It must, howewer, be
noted that the hypothesisR(Y,) = R(Z,) of Theorem2 is nowhereusedin the veri -
cation of Theorem?2, and thus Theorem 2 is true without this part of the hypothesis. It
is this key obsenation that allows usto make useof Theorem?2 in this paper. When
we refer to Theorem 2 henceforth, we will be referring to this theorem
without the aforemen tioned unnecessary hyp othesis.

The purposeof this paper, given matrices A and B and suitable conditions, is to
relate (A + B)' cleanlyto AT and BT. This is donein Theorem 3, our main result,
using Riedel'stheorem. (For a subspace we denoteby P. the orthogonal projection

onto -.)

Theorem 3 Let A; B € M, with rank(A + B) = rankA + rankB. Then

(A+B) = (1 —S)AT(l —T)+ SB'T (5)
wheie S = (Pr@e=)Prasy)’ and
T = (Pray Pre))'"

Example 4 Without the rank-additivit y hypothesis[rank(A+ B) = rankA+ rankB],
the conclusionof Theorem 3 is (in general)false. For example,let A andB belx 1

matrices with 1 as their only ertry. In the notation of Theorem 3, we compute



S = ([1][o]) = [0] and T = ([O][1])' = [O]. Hence,
(I —S)AT(I —T)+ SB'T = [1][1][1]+ [0][1][0] = [1]

while (A+ B)f = [%], cortrary to the assertionof Theorem3. But noterank[2]= 1 #

2 = rank[1]+ rank[1]. O

Is it possible, howewer, that the rank-additivity hypothesisin the statemen of
Theorem3 can be eliminated in favor of a wealer condition? We shaw in Proposition
5 that the rank-additivit y hypothesiscannot be avoided in any proof of Theorem 3
which employs Riedel's theorem (Theorem 2), sincerank additivity is shavn to be
implied by the hypotheseof Riedel'stheorem. (As mertioned, our proof of Theorem3
relieson Theorem?2.)

For conditionswhenrank(A + B) = rankA + rankB, see[8].

Remark. The matricesS and T appearingin (5) are far from determinedby (5). For

example,let x and y be orthonormal vectorsin C" with n > 3, and let

*

yy-

*
w
i

A = xx7;
Applying Theorem 3 we obtain

(A+B)' = (I —yy)A(l —yy)+ (yy)B(Y);
which simpli es to
O+ yy )t = xx* + yy* (6)
But applying Theorem 3 with the rolesof A and B reversedwe obtain the di®erert

formula

(A+ B) = (xx")AMXX*) + (I —xx*)B(l — xx*)
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which, howewer, also simpli es to (6).

1.1 Deriv ation of Main Result (Theorem 3)

Our proof of Theorem 3 is basedon the following proposition.

Prop osition 5 Let s and n be positive integerswith s < n; A € M,; G € Mg;
Y;Yp € Mps; Z;Zp € Mps. AssumeR(Y) C R(A), R(Y,) L R(A), R(Z) € R(AY),
and R(Zp) L R(A%).

Of the following statements, 1 implies 2. Conversely,2 and 3 imply 1.
1. Y, and Z, are of full rank.
2. rank[A + (Y + Yp)G(Z + Zp)*] = rankA + rank[(Y + Y,)G(Z + Z,)*].

3. rank[(Y + Yp)G(Z + Zp)*] = s:

Proposition 5 is usedin proving Theorem 3, but it also demonstratesthat rank
additivit y (of the initial matrix and the update matrix) is implied by the hypotheses
of Theorem 2; sinceour proof of Theorem 3 relieson Theorem 2, the rank additivit y

hypothesisof Theorem 3 is, for us, unavoidable.

Pro of of Prop osition 5: Usingthe assumptionR(Y) C R(A) we nd
RIA + (Y + Yp)G(Z + Zp)"] C R(A) + R(Y) + R(Y,) = R(A) + R(Y,):

Thus, if Statemerts 2 and 3 hold, then

rankA + s = rank[A + (Y + Y,)G(Z + Z,)*] < rankA + rankY,;
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from which we concludethat ranky, > s, that is, that Y, (and similarly Z) is of full
rank (Statemert 1).

Conversely supposeY, and Z, are of full rank (Statemert 1). We have
rankY, = s > rankG > rank [(Y + Yp)G(Z + Zp)™]: (7)
In [10, Riedel points out that (when Y, and Z, are of full rank)
[A+ (Y + Yo)G(Z + Zo) 1A+ (Y + Yo)G(Z + Z,)*]" = AAT + Y,V

By the orthogonality of R(A) and R(Y,), we have rank(AAT + Y, Y1) = rank(AAT) +
rank(Y,Y,). (Without lossof generalit, AAT and Y,Y,/ sharethe sameunitary ma-

trices in their singular value decompositions becauseof this orthogonality.) Thus,

rank[A + (Y + Y,)G(Z + Z,)*] rank(AAT + Y,Y,)

rank(AAT) + rank(Y,Y,)

= rankA + rankY,

> rankA + rank[(Y + Y,)G(Z + Z,)*];
the last inequality holding by (7). Because(trivially)
rank[A + (Y + Y)G(Z + Z)*] < rankA + rank[(Y + Yp)G(Z + Zp)*];
we conclude
rank[A + (Y + Y,)G(Z + Z,)*] = rankA + rank[(Y + Yp)G(Z + Zp)™];

that is, Statemert 2 holds. O



In proving Theorem3 we will needalsothe following three facts about the Moore{
Penrosegeneralizedinversethat can be veri ed directly from (1){(4). For positive
integerst and n sud that t < n, let L,; denotea matrix of sizen x t with oneson
the diagonal and zeroselsewhere.Let r, s, p, and q be positive integerswith s < p

andr < g andlet A € M, U € M, andV € Mg with U and V unitary. Then
(LarAL )" = LpsATLG, (8)
and
(UAV 5T = VATU*: (9)
If A is of full rank with r > s, then
AT = (A*A)IA™: (10)

Pro of of Theorem 3: To simplify notation, and sincen is xed, we shortenL . to
L; fort < n. Let A and B have respective singular value decompsitions U, 8 5V,
and Ug 8 V5, where,without lossof generality, exactly the rst s diagonal ertries of
8 are nonzeroand exactly the rst r diagonalertries of § 5 are zero.

Note that
A+B=A+UgLsLI8sLslIVg = A+ (Y + Y)G(Z + Z)7; (11)

wherewe de ne

@
i

|—2§ B I—s;

<
|

PrayUslLs = [Ua(l — L/L7)Ux]UsLs;
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Yp = PR(A)? Ugls = [UALrL;kU;]UB Ls;

N
|

Pra=)VBLs = [Va(l — L;L/)Vi]VsLs;

Zp = PR(Au)? VB LS = [VALrL;kVA*]VB LS
Note that G, Y, Y,, Z, and Z, satisfy all of the hypothesesof Theorem 2 since,,
and Z, are of full rank by Proposition 5 (becauserankB = s and rank(A + B) =

rankA + rankB).

We next obsene that (with D and C de ned asin Theorem 2)

DG c* DL:§LLC

= DLIVgVe8LUjUsLsC

= DLIVgB'UgLsC*

= D(Z*+ Z;)BT(Y + Y,)C*; (12)
and thus by Theorem 2 and (12) we have that

(A+B)'= (I —DZ*)AT(I —YC*)+ (DZ*+ DZ;)BT(YC* + Y,C*): (13)

This is the basicform of (A + B)' that we seek,and we proceedto computeDZ*,
YC*, DZ;, and Y,C*.

Because
n>rank(A+ B) = rankA + rankB = n—r + s;

we haver > s. By this, the fact that projection matrices are Hermitian and idempo-

tent, and (8){(10), we get

YCr = Y(Y, Y)Y



= Pra)UsLs(LsUg PRa)? Preay? Us Ls) 'LiUg R(A)?

= Pra)Us Ls(LEUg Pr(a)? Us Ls) 'LEUS Pray?

= PR(A)UBLS(L:USUALrLfUXUBLS)_lL;USUALrLfUZ{

= PreaUsLs[(L;UrUs Ls)"(LyUsUs L&)l H(L;UsUsLs) L7 UL
= Pra)UsLs(LiUsUgLs) L rU;

= PreayUs (LL;UsUgLsL2) UL

= Prea)(UaL L7UzUgLsLZUS)T

= Pra)(Preay” Pree))’

= PR(A)T (14)
and also

DZ* = Zp(ZSZp)flz*
= Preaey? Ve Ls(LiVEPR(ae) Preasy Vi Le) TLEVE Pras)
= Preaeyr Ve Ls(L{VePreasy? VBLs) 'LEVE Preas)
= VaLrL7ViVe Lo[LiVe VAL LIV Ve Lol 1L iV Preas)
= VaLr(LiVaVeLo)(LiVaVeLle)*(LiViVeLe)] L:VePrea®
= VaL(L;ViVeLe)*TLIVgPreas)
= VAL (LEVEVAL)LEVEPreas)
= Va(LsLIVEVaL L)) ViPreas)
= (VaLsLZVEVaL L;VR)Preac)

= (Pr(e®)Pra) ) 'Pra?)
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= SPR(AB): (15)
Similarly, we get

Yp(:>|< = PR(A)? T and

DZ;)K = SPR(AG)?: (16)

By plugging (14)—(16) into (13), and noting that Pr(as)AT = AT and ATPgr(a) = AT,

the assertion of Theorem 3 follows. O

2 Application to the Parallel Sum

It is well known in elementary electronics that if two resistors with resistances r, and
I, are placed in parallel, then the cumulative resistance r is computed by the formula
M 1 1 - .

r=ry(ri 1) rp= —+ — (17)
r M
With the idea of generalizing this notion to matrices, Anderson and Duffin [1] define,

for A; B € M, the parallel sum of A and B as
A:B := A(A+B)B; (18)

which, in the case that A and B are (scalar) resistances, is exactly the formula in
(17). An alternative definition for the parallel sum of A and B can be found in Rao

and Mitra [9], where it is defined as

3

AlB = Al+B'': (19)
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which, in the case that A and B are (scalar) resistances, is again exactly the formula

in (17). Given some assumptions on A and B, [9] presents necessary and sufficient

conditions for the two definitions of parallel sum to agree.

The following result uses Theorem 3 to provide, under certain conditions, a neat

equation relating A||B to A and B.

Corollary 6 Let A;B € My, with rank(A|B) = rankA + rankB. Then

A|B = (I =R)A(l —=W)+RBW
s .
where R := Pgr@)Prn) f and
s .
T
W = PR(Au)? PR(Bn) .

Corollary 6 is an immediate corollary of Theorem 3, where AT and BT of Theorem

6 play the roles of A and B in Theorem 3.
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