Department of Applied Mathematics and Statistics
The Johns Hopkins University

INTRODUCTORY EXAMINATION —FALL SESSION

Wednesday, August 30, 2006

Instructions: Read carefully!

1. Thisclosed-bookexamination consists of 20 problems (sorry, no choices)h egorth 5
points. The passing grade has been set é%SGPartial credit will be given as appropriate;
each part of a problem will be given the same weight. If youwarable to prove a result
asserted in one part of a problem, you may still use that résiielp in answering a later
part.

2. You have been provided with a syllabus indicating the saafgthe exam. Our purpose is to
test not only your knowledge, but also your ability to apgigttknowledge, and to provide
mathematical arguments presentedlear, logically justified steps The grading will reflect
that broader purpose.

3. The problems have not been grouped by topic, but thereoaghly equally many mainly
motivated by each of the four areas identified in the syllgbnsar algebra; real analysis;
probability; discrete mathematics and operations rebéaptimization). Nor have the prob-
lems been arranged systematically by difficulty. If a prabkirects you to use a particular
method of analysis, yomustuse it in order to receive substantial credit.

4. Start your answer to each problem on a NEW sheet of papete Wfily on ONE SIDE of
each sheet, and please do not write very near the marginsyoshaet. Arrange the sheets
in order, and write your NAME and the PROBLEM NUMBER on eackeh

5. The examination will begin at 8:30 AM; lunch and refresimtsewill be provided. The exam
will end just before 5:00 PM. You may leave before then, bubat case you may not return.

6. Paper will be provided, but you should bring and use wgitimstruments that yield marks
dark enough to be read easily.

7. No calculators of any sort are needed or permitted.



1. Annx nmatrixP = (pij) is said to bestochastidf all of its entries are nonnegative and the
sum of the entries in each row is 1.

If P is annx n stochastic matrix, prove the existence of a honzero norivegsolution to
the system of equations

n
Yipij =Y, j=1...,n
2

(Hint: One appproach involves introducing a related lin@agram.)

Solution: Via Farkas’ Lemma:

Farkas’ Lemma says that for a givenx n matrix A, and ann-vectorb the following state-
ments are equivalent:

(F1) There existg > 0 such thalAx = b.
(F2)y"A > 0 impliesy™ b > 0 for all m-vectorsy.

We want to prove the existence of a nonzesuch that
(PT—1)x=0.
Were such a solution to exist we could normalize its entroethat
1Tx=1,

S0 in matrix terms it suffices to show there exists a nonnegatuch that
PT —1 «—| O
17 R

, PT —1 0
To use Farkas’ Lemma, talkke= 1T andb = 1]

We proceed to show that (F2) holds, so ¥ix= [v',c]T wherev is ann-vector andc is a
scalar. Direct calculation yields

T _
yrA=",d { IDlT | } = (V' (PT—1)+c1T) =Vv'PT —v +c1'.
thus

(yTA)i = (Pv)j—Vvi+c.
Note also thay™b = c.

If yTA> 0 we have
c>v — (Pv), Vi.
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Taking | = argmaxyv; and using the fact tha® is stochastic, we have > (Pv), so we
conclude thay"b=c > 0.

Via linear programming:

If such a solution exists we can normalize it so that its estsum to one. Thus, the desired
result is equivalent to the feasibility (existence of a fielessolution to) the linear program

(P) maxZ = 3"_;0-y
subject to
YiPiYiF(Pi—1)yi=0i=1...,n
(*) ZTzly] == 1
Yij >0,j=1,...,n

We proceed to form the dual linear program with unsignedadeisvy, . . ., v, corresponding
to the firstn constraints of (P), and an unsigned variableorresponding to the constraint

(*).

(D) minZ' =31 ,0-vi+1-v=v
subject to
SixjPivi+(pjj—1v;j =0 j=1,...,n

Here (D) is certainly feasible, since its constraints atisBad by takinge = 0 and allv; = 0.
Also, Z' is bounded below, since becal®és stochastic we have

Pn—1=—;pji,
7]

permitting thej-th constraint of (D) to be written as

V> ;pji(Vj —v;), forallj,
i#]

so that for any(vy,...,vn) we can choosd € argmaw; and then thel-th constraint of
(D) (since allpji > O will imply v> 0. That is,Z’ > 0. By the duality theorem of linear
programming, since (D) is bounded and feasible, (P) mustasilble, the desired result.

2. Which (if either) of these sums converges?

o 1 il 1

n; nlogn and n; nlogzn




Justify your answer.
For this problem, we assume the logarithms are leabat does that affect your answer?

Solution: We apply the integral test to both.
For the first, note that

/ dx__ loglogx
xlogx glog
(by an easy substitutiamn= logx) which diverges ag — . Therefore the first sum diverges.

/ dx -1

xlog?x  logx

(also by substitutingl = logx). This converges as — o, and so does the corresponding
sum.

For the second we have

The convergence of the sums does not depend on the base of#rgim.

. LetO be ann x nreal orthogonal matrix, i.e. such that
0'0=00" =1I.

(a) Prove that deéd = +1.
(b) If nis odd, prove tha®x = (detO)x for some nonzera € R".

Solution:(a) |detO]? = det(OTO) = 1.
(b) We can take d€d = 1, since otherwise we considetO. Then note that

det(O—1) = det(O—00") = detO-det(l —O") = 1-det(l —0) = (—1)"det(O—1).

If nis odd, then de€iO — 1) = 0 andO has an eigenvector with eigenvalue 1

. LetG be a simple graph (no loops or multiple edges) with verteXggt,, vs,va,vs}. The
degree sequence Gfis a list of the degrees of the vertices in the graph, i.e.,
d(v1),d(v2),d(v3),d(v4),d(vs), often listed in numerical order.

Only one of the following three sequences can possibly beé¢geee sequence G
(@ 1,2,2,3,3
(b) 1,1,3,3,4



©) 2,2,2,3,3

Prove that two of these sequences cannot be the degree seqiénand then demonstrate
that the third sequence is feasible by drawing a pictui®.of

Solution:
(&) This sequence is not realizable because it sums to 1harsiim of the degrees of the
vertices in a graph cannot be odd.
(b) This sequence is not realizable. Taking

[d(v1),d(v2),d(vs),d(va),d(vs)] = [1,1,3,3,4]

we see thatss is adjacent to all vertices implying that, v, are adjacent only tes.
Hencevs; andv, may be adjacent only to each other andidplimiting their degree to
at most 2. Thereford(vs) = d(v4) = 3 is impossible.

(c) Here’s a drawing of the graph that realizes the sequer;@ 3, 3:

. LetX be a 2x 4 real matrix. We calculate

101 1
v 0424
XX=11 22 3"

1432

Find (with proof) the missing entry (denoted with a questiaark).

Solution: Note that becausk is a 2x 4 matrix, the producK' X can have rank at most
2. The first two columns oK™ X are linearly independent, and so that last column must be
linearly dependent on the first two, i.e.,

RN

0
4
2
4

for some scalara andb. A glance at the first two rows gives= b = 1 and so the missing
entry is 144 =5.




6. Here{f,: n=12 ...} is a sequence of continuous real-valued functions defined on
common interval = [a,b] such that, for eack € |, the sequencé,(x) converges to a limit,
denotedf(x). Prove that if the convergence is uniform, then the limitdtion f is also
continuous.

Solution: We show that for anxin I, f is continuous ak. As always, consider ang > 0.
Since the convergence is uniform, there is a positive imtligauch that for alh > N and all
y €|, we have

[fn(y) — f(y)| < €/3. 1)

Fix such am. Sincef, is continuous ax, there is @ > 0 for which, for allze I,

|lz—X| < 0= |fn(2) — fn(X)| < £/3. 2

In particular, consider any< | with |z— x| < . Besides ??), by (??) with y = zand with
y =X, we have
|f(z2) — fn(2)| < €/3 and |fa(x)—f(X)| <&/3.

So
1£(2) = £ < [(2) = fn(D)[+[fn(2) = Fa(X)| + | fa(X) — £(X)]
< (&/3)+(g/3)+(g/3)=€.

We have shown that for arg/> 0, there is & > 0 such thafz— x| < d = |f(z) — f(X)| < €.
Sof is indeed continuous at

7. Let A be ann x n matrix and assume th#&t hasn distinct eigenvalues. Let” be the set
of all n x n matricesB such thatAB = BA. Show that?” is a vector space and compute its
dimension. (Hint: Show thd maps eigenvectors @ to eigenvectors of..)

Solution: ¥ contains 0, and is closed under linear combinations,df € R, andB,B’ € 7,
thenA(aB+a'B’) = aAB+aAB = aBA+ aB'A= (aB+aB/)A.

Let A1,...,An be the eigenvalues &4, ande an eigenvector fol,. Since theAy’s are
distinct,{ey,...,en} is a basis oR". We haveABg, = BAg = AxBe.. ConsequenthyBe is
an eigenvector oA with the same eigenvalug. This implies that, for somay, Be, = ayex,
which uniquely defineB since{e,..., ey} is a basis. Conversely, am/which is diagonal
in the basis{ey,...,en} commutes withA. This describes the set which therefore has
dimensiom.




8. Leta(n,x) = |5 +3\/n] wherenis a positive integerx is real and|y] denotes the greatest
integer less than or equal yo Evaluate

a(n,x) n
lim2~" < ) .
e kZO k

[Hint: Use the Central Limit Theorem.]

Solution: Let X3, Xy, ... be independent and identically distributed Bernoulli r@mdvari-
ables withP(X; = 1) = .5 and letS, = X1 + - - - + X,,. By the CLT:

S’\ n
rI‘mn00 P( \/_/2 < X) = P(X)
where®(x) is the standard normal distribution function. Since
S -3 x/i
P( <x) = (%_—+—)
Vi 2
a(n,x) n\ 1
- 2, (Wer
k=0

the limit in question isP(x) for all x

9. The number of births per day in a small town hospital hagdhewing distribution:

#births | O | 1 | 2 | 3 | 4
probability | .25| .45| .14 | .11 | .05

Assume that each baby has probability 1/2 to be a girl. Whttagnost likely number of
births in a day if it is known that exactly two girls are born ?

Solution: Let X be the number of births on a given day andMeatenote the number of girls
born that day. We must compuX = x|Y = 2):

PX=xY=2) = P(X=xY=2)/P(Y=2)

Since we need only the most likeky we needn’t calculate the terR(Y = 2). We have (for
x> 1):

PX=xY=2) = P(Y=2X=xP(X=x)

<
-

N X

)><052><05x 2P(X = X)

N X

)XO5X =X)



Forx = 2,3,4, this yields values.04/4,3(0.11) /8 and §0.05)/16, respectively. The maxi-
mum is atx = 3.

10.

Letas, ap,...,an be positive numbers. Prove that
n n
Zai Y 1/aj > n?
=1 =1

and equality holdsifand only &y = ay = --- = ap.

Solution:Letx = /& andy; = 1/,/&. Then by the Cauchy-Schwartz inequality we see that

R R

Furthermore, equality holds if and only if

(a1,...,an) =c(1/a,...,1/an)

for some positive constamt since theg; are positive. But this condition giV@’- =CSo
a=+cfori=1....n

11.

LetX have distribution functioffrx, with probability density functiorfy.
LetY have distribution functiof/, with probability density functiorfy.
AssumeX andY are independent.

Recall thatX <S'Y (read ‘X is stochastically smaller thaft) means thaFx (z) > Fy(2) for
all zwith strict inequality for at least one

Prove thalX <S'Y = P[X <Y]>1/2.

Solution:

PX <Y] = /P[X<Y|Y:y]fy(y)dy

= YH
= [U niform(0,1)]
1/2.
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Strictinequality follows from (absolute) continuity &% andFy.

12. (a) Forreal numbers, ..., Xy, find the maximum of
f(XL, X2, Xn) 1= (XaXa+ - Xn)?,
subject to the constraint
X3 +X5 4+ X2 = 1.
Do notinvoke the result of part (b).

(b) Show that the geometric mean of a collection of nonnegaéal numbersgay, ..., a,}
does not exceed their arithmetic mean; that is,

1
(182 -an)"/" < ~ (a1 8+ +an).

Solution:

(a) Itis probably easiest to use a Lagrange multiplie¥Ve then have the system

2(X1Xp -+ Xn)?
Xi
In particular, this system assigns a common value to epgfrythat common value

must be ¥./n to satisfy the constraint. We then find that the maximum vigue ".
(A really complete solution should discuss stationarityopgimality.)

(b) If the right side vanishes, then the result is trivial. niit, then the numberg =
Vai [ (ag+ap+--- +an) /2 are well defined and have squares summing to unity. Ap-

plying the result of part (a),

=24\, i=12...n

a1 a---an <n

(q+ap+---+an)" ~

which then can be rearranged to give the desired result.

13. LetXbe a feasible point to the following linear program:
min c'x
st. a'x>B i=1,....m
Letl(X) = {i:a'k= Bi}. Show that if
c= Z Aigi and A >0,

iel(X)



thenx'is optimal.

Solution:Lety be another feasible point, we want to show ttfat < cy.

c'(y—% = Jiarhria (y-%
SiclAi(@y—B) -
0.

AVANI

The last inequality follows from that al > 0 andy is a feasible point.

14.

Let B(r) denote the ball of radius centered at the origin (i.e., the set of points whose
Euclidean distance from the origin is less than or equg) émd letX be a three-dimensional
random vector uniformly distributed ove(r) (i.e., the result of choosing a pointBir) at
random). Find the mean ¢||, the distance fronX to the origin.

Solution:

1
_ 2 2172
E|X| = ///B(r),/(x FY ) Xy
4 2 pmwopr
= (—nr3)1/ //ppzsingodpdgode
3 o Jo Jo

4 r m
= (—m3)‘12n/ p3dp/ sinpdg
3 0 0

3r

7

15.

Consider the graph in the accompanying figure. There ar@y shortest paths from the
lower left corner to the upper right corner. How many of thageid the two vertices that are
colored black? One such path is highlighted.

Solution: Call the lower left vertexa, the upper right vertek, the lower left black vertex,
and the upper right black vertex

o There arg(}?) shortesta,b)-paths.
o There are(3) (5) shortes(a, b)-paths that include vertex

o There are alsd3) (3) shortest(a, b)-paths that include vertex

10



o There are(3) (3) (5) shortesta, b)-paths that include bothandy.

Therefore, by inclusion-exclusion, there are

()-GO -C)

shores{(a, b)-paths that avoid bothandy.

16. Givenn numbers«y,...,X,, theVandermonde matrix V=V (X, ..., Xn) iS, by definition, the
matrixV = [v;j] with .
Vij = le—l_

(@) Forn= 2, verify that
detvV = (Xj —Xi)-
1<i|:!<n
(b) Prove the formula in part (a) for atl> 1. [HINT: The solution is simpler if you do
notuse induction or any explicit Laplace expansion of the deteant, but rather think
about the determinant as a polynomial.]

Solution:

(&) Whenn = 2, we have

0,1 0,1
detV = V11Voo — V1oVo1 = X)X5 — XoX] = X2 — X1 = |_| (Xj —X%i)-
1<i<)<2

(b) Here is a simple solution. The determinant is a polynbmighe variablesy, ..., xn
of total degree

0+1+-~-+(n—1):<2).

It vanishes ifx; = x; for somei < |, so

detV =c (Xj —Xi)

1<i<j<n

for some constant. By equating the coefficients ofx3 - -xi~1 in this last equation
we findc = 1, and the formula is established.

Now here is a harder, more brute-force solution, by inducti8ubtract column 1 from
columns 2...,n. Then subtrack; times rowk — 1 from rowk, fork=n,n—1,...,2
(in that order). We now factoxx — x; out of columnsk = 2,...,n, obtaining(xz —
X1)-++ (X — X1) times a Vandermonde determinant of order 1, so the calculation
continues by induction.

11



17.

Determine whether or not the vector x=(1,0,1,0) is amugdtsolution of the following linear
program:
min  —X; +2Xo — X3 — Xa
St Xi+X—X3+2% > -
X1+2¢—X3+% =0
—X1—Xo—Xzg—X4 >-2
X1,X%2,X3 >0 X4 unrestricted

2

Solution: We first consider the dual problem and find a corresponding shiation tox =
(1,0,1,0).

min —2w; —2ws
st. wi+w—ws < -1

2w +wWo —wg = -1
w1, W3 >0 W> unrestricted

By x; > 0 andxz > 0, we have the first and the third constraints of the dual asleées
‘Wi +W, —wg = —1 and—w; —wW» — w3 = —1. The fourth constraint@; +w, —wsz = —1

is another equality. Solve the system to get the dual soiwtie- (0,0,1). Then we check
(1) x is feasible to the original problem, (8) is feasible to the dual, (3) the two objective
function values have the same value -2, therexdsean optimal solution.

18.

A primitive model for heat conduction leads to the ecprati

BRIR R

whereu, andv, represent temperatures at timmes 0, 1, .... Find the limitsc, andc,, where
Un — Cy andvy, — ¢y ash — oo,

Proceed as follows:

(a) Find the eigenvalues @i

(b) RepresenA” asCDC 1, whereD is a diagonal matrix.

(c) Use this representation Af to find the limitsc, andc,.
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Solution: (a) A has eigenvalues/® and 2'3.
(b) A= CBC ! whereB = diag(8/9,2/3). Therefore,

A2=(cBCc Y(cBC ) =cBC Y,

A3 = (cBC Y)(cB’C 1) =cB’Cc L,
and, in general,

A"=cB'C1.

SinceB is a diagonal matrixB" = diag((8/9)", (2/3)").
(c) Since(8/9)" — 0 and(2/3)" — 0 whenn — oo, the elements 0B" approach 0 as limit

whenn — . SinceC andC~! are fixed, so do the elementsA&t = CB"C~ approach 0 as
limit whenn — . Thereforeu, — 0 andv, — 0 asn — . That is,c, = ¢, = 0.

19.

For a set of randomly chosen people Het denote the event that persanand j have the
same birthday. (Assume that each person is equally liketat@ any of the 365 days of the
year as his or her birthday, and that different personshflays are independent.)

(a) FindP[E374|E172].
(b) Find P[E173| E172].
(c) Find P[E273| EioN E173] .

(d) What can you conclude from the previous three parts atfmiindependence of the
events{E; j}?

Solution: (a) 1/365, since the two events are independent.

(b) 1/365, since the probability that the birthday of person 3 imegache common birthday
of 1and 2 is 1/365.

(c) 1, since the birthdays of persons 2 and 3 must both ma#tioftperson 1.
(d) The eventdE; j} are pairwise independent, but not mutually independent.

20.

If {xn} is a sequence of real numbers, theriitst infimumis defined by

X, = lim inf xy
N—oo k>n

Given such a sequence, prove that there is a subsegfenéeuch that limd .. X, = X but
no subsequence such that jim, X, = Y« < X

Solution:For eacmthere is & > nsuch that < X, — infy=n X < 1/n. Thus, limh_e X, =
lIMp_e0 INfsn X = X

Suppose that a subsequence exists so thatl®,, = Y. < X,. Then since infsy, X« < X,,
Xs = liMp_e iNfis i, X < Vs, @ contradiction.
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